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Introduction 



The study of moduli spaces plays a fundamental role in our understanding the 
geometry and topology of manifolds. One example is the Donaldson theory (and more 
recently the Seiberg-Witten invariants), which provides a set of differential invariants 
of 4-manifolds [Do]. When the underlying manifolds are smooth algebraic surfaces, 
then they are the intersection theories on the moduli spaces of vector bundles over 
these surfaces [Li, Mo]. Another example is the mathematical theory, inspired by the 
sigma model theory in mathematical physics ([Wl], [W2]), of quantum cohomology. 
The quantum cohomology uses the GW-invariants, which are the intersection numbers 
of certain induced homology classes on the moduli spaces of rational curves in a given 
symplectic manifold. This is a generalization of the classical enumerative invariant 
which counts the number of algebraic curves with appropriate constraints in a variety. 
The first mathematical foundation of quantum cohomology was established by Ruan 
and the second named author in [RTl] for semi-positive symplectic manifolds, which 
include all algebraic manifolds of complex dimension less than 4, all Fano manifolds and 
Calabi-Yau spaces. In [RT2], general GW-invariants of higher genus are constructed to 
establish a mathematical theory of the sigma model theory coupled with gravity on any 
semi-positive symplectic manifolds (also see [Ru] for the special cases). There are some 
related works we would like to mention. In [KM], Kontsevich and Manin proposed an 
axiomatic approach to GW-invariants, and in [Ko2], Kontsevich introduced the notion 
of stable maps to study GW-invariants. There are also works dealing with special 
classes of Fano varieties, such as homogeneous manifolds, (cf. [BDW; Ber; Ci; CM; 
LT].) 
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Now let us discuss the new issue in intersection theory raised from studying GW- 
invariants, and more generally the Donaldson type invariants. The core of an inter- 
section theory is the fundamental class. For a manifold (or a variety), the ordinary 
cup product with the fundamental class given by the underlying manifold provides a 
satisfactory intersection theory. However, for the GW-invariants, which should be an 
intersection theory on the moduli space of stable maps, we can not take the funda- 
mental class of the whole moduli space directly. This is because the relative moduli 
space (i.e., the family version) in general do not form a flat family over the parameter 
space. One guiding principle of our search of a "good" intersection theory is that such 
a theory should be invariant under deformation of the underlying manifolds. In [Do, 
RTl, RT2], they employed analytic methods to construct "good" intersection theory 
using generic moduli spaces (they are almost always non algebraic). 

Abiding with algebraic methods, we have no luxury of having a "generic moduli 
space" . Instead, wc will construct directly a cycle in the moduli space, called the virtual 
moduli cycle, and define an intersection theory by using this cycle as the fundamental 
class. Such a construction commutes with Gysin maps. In this paper, we will construct 
such a cycle by first constructing a cone cycle inside a vector bundle, which functions as 
a normal cone, and then intersecting this cone cycle with the zero section of the vector 
bundle. To make this construction sufficiently general, we shall carry it out based 
on the moduli functor solely. The data we need is a choice of tangent-obstruction 
complex of the moduli functor, which is a global obstruction theory of the moduli 
problem. The virtual moduli cycle depends on the choice of such a complex, so does 
the virtual intersection theory defined. The so constructed intersection theory will 
have the following invariance property. Given a family of moduli functors, namely, 
a relative moduli functor, if we assume that the tangent-obstruction complex of the 
relative moduli functor and that of the specialized moduli functor are compatible, then 
the specialization of the virtual intersection theory on the relative moduli space is the 
same as the virtual intersection theory of the specialized moduli space. Applying to 
the moduli space of stable maps from n-pointed nodal curves into a smooth projective 
variety X, we can define the GW invariants of X purely algebraically. 

We now describe briefly the key idea to our construction. When we are working with 
a moduli space, usually we can compute its virtual dimension. However, the virtual 
dimension may not coincide with the actual dimension of the moduli space. One may 
view this as if the moduli space is a subspace of an "ambient" space cut out by a set 
of "equations" whose vanishing loci do not meet properly. Such a situation is well 
understood in the following setting: let 

Z > X 

/ 

Y — ^ W 
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be a fiber square, where X, Y and W are smooth varieties and subvarieties. Then 
[X] ■ [Y], the intersection of the cycle [X] and [Y], is a cycle in A^W of dimension 
dim X + dim Y - dim W. When dim Z = dim X + dim y - dim W, then [Z] = [X] ■ [Y] . 
Otherwise, [Z] may not be [X] ■ [Y]. The excess intersection theory tells us that we can 
find a cycle in A^.Z so that it is [X] ■ [Y]. We may view this cycle as the virtual cycle of 
Z representing [X] ■ [Y]. Following Fulton-MacPherson's normal cone construction, this 
cycle is the image of the cycle of the normal cone to Z in X, denoted by Cz/x, under 
the Gysin homomorphism s* : A^, {Cy/w Xy Z) A^Z, where s:Z^ Cy/w Z is 
the zero section. This theory docs not apply directly to moduli schemes, since, except 
for some isolated cases, it is impossible to find pairs X W and Y —>■ W so that 
X Y is the moduli space and [X] ■ [Y] so defined is the virtual moduli cycle we 
need. 

The strategy to our approach is that rather than trying to find an embedding of 
the moduli space into some ambient space, we will construct a cone in a vector bundle 
directly, say C CV, over the moduli space and then define the virtual moduli cycle to 
be s*[C], where s is the zero section of V. The pair C C V will be constructed based 
on a choice of the tangent-obstruction complex of the moduli functor (The definition 
of tangent-obstruction complex is given in section 1). 

Let Mhe a moduli space. We first construct its tangent-obstruction complex, which 
usually comes from studying obstruction theory of the moduli problem. For a large class 
of moduli problems, their tangent-obstruction complexes are the sheaf cohomologies of 
complexes of locally free sheaves 

Assume that M. belongs to this class of moduli problems. Then at each closed point 
w e M, Ti = 'i)'^{£* (8)0^ k{w)) is the tangent space T,,,M and T2 = 18)0^ k{w)) 

is the obstruction space to deformations of w in M. Here f)*(<f*) is the i-th sheaf 
cohomology of the complex. There is an "intrinsic" set of defining equations of the 
germ of M. at w, namely, the Kuranishi map 

/ : Sym-(T2^) Sym-iT^) := lim®US\T^). 

Note that if we denote by w be the formal completion of M. along w, then [La] 

w ^ SpecSym»(Ti^) ®Sym-(TV) k. 

The normal cone to w in Spec Sym*(r^^) is canonically a subcone inwXkT2. We denote 
this cone by C^. The virtual normal cone we seek will be a cycle [C] in Z*Vect(£'2), 
where Vect(£'2) is the vector bundle over A4 so that its sheaf of sections is £2- The [C] 
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is uniquely determined by the following criterion. At each w G Ai, there is a surjective 
vector bundle homomorphism 

Vect(52) Xm'w — Vect(T2) x w, 

where T2 = ^^{£* 'S>Om ^('"^))) t^^-t extends the given homomorphism £2 —>■ i)^{£* 'S>Om 
k{w)) such that the restriction of [C] to Vect(£^2) Xm w is the pull back of C^. In 
short, the virtual normal cone is the result of patching these local normal cones defined 
by the Kuranishi maps of the moduli space. The virtual moduli cycle [A^]"'' is then 
defined to be the image of [C] in yl*A^ via the Gysin homomorphism 

s* : A*Vect(f2) ^ A^M. 

The GW-invariants is defined by applying this construction to the moduli spaces of 
stable morphisms from nodal curves to X. 

Theorem. For any smooth projective variety X , and any choice of integers n and g 
and a G AiX/ ~aig; there is a virtual moduli cycle [■M.a,g,nY^'^ ^ Ai~X (8)z Q, where k 
is the virtual dimension of M.^,g,n- Using this cycle, we can define the GW-invariants 

in the usual way. Let Tpa,g,n composite of '^a.g,n with the degree homom,orphism, 

A^Ai'^g ,^ — > Q. Then il^a,g,n invariant under deformations of X and satisfy all 
the expected properties of the GW-invariant, including the composition law. 

The construction of the virtual moduli cycle [■Ma,g,rS'^'^ main purpose of this 

paper. The proof of the composition law is almost straightforward, following a similar 
process as in [RTl]. Since maps in AlJ^ „ may have non-trivial automorphisms, our 
classes may have rational coefficients. The approach to this problem is the usual descent 
argument. In the end, we obtain a cycle supported on an effective cone over Ma,g,n 
inside a Q-vector bundle. The virtual moduli cycle is then the image of the Gysin map 
as described before. The resulting class is of rational coefficients. 

This construction of virtual cycles was finished in early 1995. During AMS summer 
school held at Santa Cruz, July, 1995, the first named author reported this work. 
In his talk, he described the ideas of our construction of virtual moduli cycles and 
the definition of GW-invariants. After the talk, S. Katz kindly informed the first 
named author that he had studied the problem of constructing virtual moduli cycles 
and obtained some partial results in special cases [Kzl]. During the preparation of this 
paper, we learned that K. Behrend and B. Fantechi had gave an alternative construction 
of virtual moduli cycles [BF]. Also as an application, K. Behrend defined GW-invariants 
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and proved the basic property of these invariants [Bh] . A similar idea can be apphed 
to constructing symplectic invariants for general symplectic manifolds. 

The layout of this paper is as follows. In section one, we introduce the notion of 
tangent-obstruction complexes of functors, which is a global obstruction theory of the 
moduli functors. We then describe the tangent-obstruction complex of the moduli 
functor of stable morphisms. The next two sections are devoted to construct and 
investigate the virtual normal cone of any tangent-obstruction complex. In section 4 
and 5, we will construct the GW-invariants and prove some basic properties of these 
invariants, including their deformation invariance and the composition laws. 

The first named author thanks W. Fulton and D. Gieseker for many stimulating 
discussions. Part of this work was done when the second named author visited Depart- 
ment of Mathematics, Stanford University in the winter quarter of 1994. He would like 
to thank his colleagues there for providing a stimulating atmosphere. We thank the 
referee for many comments and suggestions. 

1. Tangent-Obstruction complex 

In this section we will introduce the notion of tangent-obstruction complexes of 
moduli functors. Such a notion was implicit in many earlier works and should be 
viewed as another way of presenting deformation theory. 

In this paper, we will fix an algebraically closed field k of characteristic and will 
only consider schemes over k. 

We first define the functor of tangent spaces. Let <S be the category of all schemes 
and let ^ : S — > (sets) be a (contravariant) moduli functor. Here we call ^ a moduli 
functor if for any S G S the object d{S) is the set of isomorphism classes of flat 
families of objects (to be parameterized) over S. For our purpose, we will introduce 
an associated functor, called the pre-moduli functor of ^ and denoted by For 
any S € S, ^"^^^(S) is the set of all flat families of objects (to be parameterized) 
over S. Note that we do not take isomorphism classes in this case. Following the 
convention, for ^1,^2 G d{S) we will denote by ^1 = ^2 if and ^2 are isomorphic 
and denote by the equivalence relation induced by =. Hence 5^(5') = ^^^'^{S)/ ~. 
In this paper, for S (z S we let 9Jtoi)s be the category of sheaves of Og-modules. 
For J\f € Tlods, we denote by Sn the trivial extension of S by the sheaf A^^ and 
denote by '^^^{Sn) — > ^^^{S) the restriction morphism induced by the obvious 



^By this we mean Sn = Spec(r(Cs:) * r(jV)), where T{Os) * r(A/') is the trivial ring extension of 
r(Cs) by r{jV). Note that there is an inclusion S Sn and projection Sn — > S so that S — >■ Sn — > S 
is the identity. (See [Ma,pl91]). 
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inclusions S C S'jv- Given rjQ G 5^p'''^(5) and Ci)C2 G ^rj^ (^^/o), we say Ci —r]o C2 if there 
is an isomorphism p : Ci — C2 so that its restriction TTj^{p) : rjo = rjo is the identity 
isomorphism. Now we define the functor of tangent spaces. For any affine S € S and 
Vo € ^^"^^{S), we let T^{r}o):Tto'Os {sets)° be the functor that assigns J\f to the set 
7rj^^(77o) modulo the equivalence relation induced by the isomorphism =^^. In short, 
'^divo) consists of all isomorphism classes of ry G d'^'^'^{S]\[) whose restrictions to S is ryo- 
In case r/o = i]'o, then there is a canonical isomorphism of sets T^{r]o) and T^irj'o). This 
way, for r/ G S^(S') we obtain an isomorphism class of functors jr^(?7o) :9?to3s (sets)^. 
It is clear that ii p:Si — > 6*2 is a morphism between affinc schemes and if A/i G OJtod^^ 
and M2 G DJlods^ are two sheaves with O^^-homomorphism Osj 'S'Os^ A/2 Mi, then 
for any 772 G 5('S') with ryi = ^{p){ri2) the induced object in d{Si), there is a canonical 
morphism 

satisfying the base change property. Note that when ^ is represented by a scheme Y 
and r] G ^{S) is represented by a morphism f -.S ^ Y, then 

In this case, T^{r]) is a functor QJto^^. 

Assumption, /n i/iis paper, we will only consider moduli functor ^ such that is 
induced by a sheaf-valued functor over fibered category of modules over schemes over 
^. Namely, for any affine S G SUloi)^, rj G d{S) and Af G 97tot)5 the set T^{r]){J\f) is 
canonically isomorphic to the set of all sections of a sheaf of 0$ -modules, denoted by 
'^^^{ifii-M) , and the arrows (above) in the base change property are induced by sheaf 
homomorphisms 

In the following, we will call the functor of tangent spaces. We remark that we 
have not exhausted the literatures to see how restrictive is this assumption. Neverthe- 
less, the moduli functors that will be discussed in this paper all satisfy this condition. 

Next, we recall the definition of an obstruction theory. An obstruction theory to 

deformations of p G 5^(Spec/E) with values in a vector space O is an assignment as 
follows. Given a pair (r/ G ^{Spcc B /I), I C B), where B is an Artin ring with the 
residue field fc, / C i? is an ideal annihilated by the maximal ideal of B and r] ®b/i 
k = p, the obstruction theory assigns a natural obstruction class ob{r],B/I,B) G O 
whose vanishing is the necessary and sufficient condition for 77 to be extendible to 
?7 G ^{SpecB). We now introduce its relative analogue. 

Definition 1.1. Let K, = {/C^} be a collection of sheaves of Os -modules K,^ indexed 
by 77 for S E S and rj G ^{S) . We say that JC is a sheaf over ^ if for any morphism 
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f -.T ^ S of schemes, there is an isomorphism /*/C^ = X^/*^ canonical under base 
change. 

Definition 1.2. An obstruction theory of the moduli functor ^ with values in a sheaf 
ob, over ^ consists of the following data: let S be any affine scheme, let S ^ Yq ^ Y 
be schemes and embedding morphisms over S. Namely. Yq ^ Y is an embedding and 
i: S ^ Yq is a section of Yq — > S. Let m be the ideal sheaf of S G Y and let I C Oy 
be the ideal sheaf ofYoCY. Assume that X ■m = 0. Then for any rj G ^{Yq), there is 
an obstruction class 

ob{r],YQ,Y) G Ts{o\, ®Os'^), 

where rjo = i*{ri) E ^{S), whose vanishing is the necessary and sufficient condition for 
rj to be extendible to fj & diY). We call ob{ri,YQ,Y) the obstruction class to extending 
r] to Y. The obstruction class is canonical under base change: let a:S' ^ S be another 
morphism, Y' a scheme over S' with a section i' and f-.Y'^Y a morphism such that 

Y' — ^ Y Y' — ^ Y 

and A ■'- 

S' ^ S S' S 

are commutative. Let Yq = Yq Xy Y' and let r]' G ^{S') be the pull back of rj. Let 
g:a*{ohr,o ^Os^Yqcy) ob^^ 'SiOgr^Y^cY' be the obvious homomorphism. Then 

ob{7]'X^Y')=9{ob{v,Yo,Y)). 

Example. Let X c A" be a subscheme defined by the ideal / = (/i, . . . , fm)- Let 
S'x be the functor Mor(-,X) and let C* be the complex [©^(TA") ^ O®""] where 
a = (dfi,... ,dfm). Then for any affine S, morphism ij : S X and sheaf J\f G 
Tlods, X^dxivJi-^) is the first sheaf cohomology of ry*C* (8)Og TV. The defining sections 
fii - ■ ■ ,fm defines an obstruction theory of the functor with values in coker (cr) (See 
section 2 for explicit description). 

Example ([Al]). This example concerns the moduli of stable sheaves on a smooth 
algebraic surface X of fixed Poincarc polynomial x- Here we implicitly fix an ample 
divisor on X . We denote the corresponding moduli functor by 5^^. For any affine S E S 
and r] G dxi'^) representing the sheaf £ of OxxS-modules, then 

where the superscript means the traceless part of the extension sheaf. The canonical 
obstruction theory of takes values in the sheaf £xt'^^-^^g{£,£)'^. 
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Let ob, be the sheaf m Definition 1.2. For simphcity, we will use the convention 
T'^^{r]){J\f) = o\ (S)Os A/" and T*^ = [T^5^ T'^d], where the arrow is the zero 
homomorphism. By the assumption of this section, T^^{rj){M) is a two-term complex 
of sheaves of O^-modules connected by the zero arrow. 

Definition 1.3. Let ^ be as before. A tangent-obstruction complex of ^ is a complex 
T*^ = [T^^ —I- T'^d], where the arrow is the zero arrow, such that T^^ is the functor 
of the tangent spaces of ^ and that there is an obstruction theory of ^ taking values in 
T^^. The tangent-obstruction complex T*^ is said to be a perfect tangent-obstruction 
complex if for any affine S and r] E diS), there is an affine covering {S^} of S such that 
there are two-term complexes of locally free sheaves £^ such that for any M G TloX)Sa> 
'?''5^('?q)(A/') is the i-th sheaf cohomology of ®Os^ where rja G ^{Sa) is the 
induced object of rj via Sa S. In case the complex £* is explicitly given, we will 
write T'S = [)•{£•). 

We emphasize that the obstruction theory is part of the data making up the tangent- 
obstruction complex. This notion is a convenient way to group the data of tangent 
spaces and obstruction theory. It will be clear later that when the tangent-obstruction 
complex is perfect then the classical construction of Kuranishi maps can be adopted 
to construct the relative Kuranishi families, which is the heart of the construction of 
virtual moduli cycles. 

Remark. The assumption that ^ admits a perfect tangent-obstruction complex is 
a strong requirement. For instance, moduli functors of stable vector bundles over 
threefolds other than Calabi-Yau manifolds may not have perfect tangent-obstruction 
complexes. 

In this paper, our main interest is in the moduli spaces of stable morphisms from 
marked curves to smooth projective varieties. Let X be a fixed smooth project variety. 
We first recall the notion of stable morphisms introduced by Kontsevich [Kol]. An 
n-pointed nodal curve is a nodal curve C and n ordered marked points D C C away 
from the singular locus of C (We will use D to denote the n-ordered marked points on 
C in this paper). A morphism f : D C C X is said to be stable if I? C C is an 
n-pointed connected nodal curve and / : C ^ X is a morphism such that 

Romc{nc{D), Oc) ^ Homc(/*J^x, Oc) 

is surjective, where f*flx ^c{D) is induced by f*flx ^c- We will call / stable 
relative to D or simply stable if the marked points D C C are understood. 

^Prom now on, we fix a class a G AiX/ ~aig and two integers n and g. We let 
da,g,n'-^ ~^ (sets)° be the functor that assigns any S e S to the set of all isomorphism 
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classes of flat families over S of stable morphisms 



f:DcX 



X 



from n-pointed connected nodal curves D C X oi arithmetic genus g to X such that / 
sends the fundamental classes of closed flbers of X over S to a. Since X is a smooth 
projective variety, by the work of [Al], da,g,n coarsely represented by a projective 
scheme. We denote this scheme by M.-^ g ,^. It is also known that da,g,n represented 
by a Deligne-Mumford stack [FP]. 

In the following, wc will determine the natural tangent-obstruction complex of 3^^^ „. 
We fix an affine scheme S and a sheaf A/" G fUloi)^. Let ^ G -Sa,g,n{^) represented by 
f-.X^X with marked sections D G X. Let be a flat family of nodal curves over 
Sn, where Sn is the trivial extension of S by J\f, that extends the family X. Then we 
have a commutative diagram of exact sequences 











Ox ^Os ^ 



Ox ®Os 



0,xN/s ®o^N Ox 



cLn 



O 



n 



XjS 



O 



X 







0, 



where d and dj^ arc the differentials. The upper sequence is exact because is a 
family of nodal curves flat over ^at, following Theorem 25.2 in [Ma]. Conversely, given 
any exact sequence of sheaves of O^'-inodules 







Ox ®03 ^ 



n 



x/s 



0, 



we obtain a pull-back from the 5-homomorphism d : Ox ^x/s- 







O 



X 



Ox ®sM 



B 



■Ox 




^x/s 


d 




^ 


X 







One checks that there is a canonical way to give B a structure of sheaf of O^^^ -algebras, 
which is flat over S'at automatically. Thus we obtain a flat family X^ over Sn- One 
checks also that this correspondence is one-to-one and onto. This is the one-one cor- 
respondence between the space of flat extensions oi X ^ S to X'^ — »• Sn and the 
module 

Ext^/5 (j7;t/S,CA'®OsAA) . 



Next we investigate when such an extension X^ admits a morphism : X'^ X 
extending f : X X. We claim that such an comes from the existence of an 
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OAf-linear lifting f*Clx ^xi^ /s ®o^n of the obvious f*^x 
given restricting to /, we certainly have such a lifting from 



^x/s- Indeed, 



O 



{rynx^^x^/s and {rynx®o. 

Conversely, given any diagram 



X 



f*n 



X- 



(1.1) 



O 



X 



B 



n 



x/s 



we first obtain a flat extension of X and an isomorphism B = Cl^N/g ®o.^n 
based on the bottom exact sequence. Observing that 



Ox 

/.(/3)od 



UOx) 



f*{^X-'' /S ®O^N Ox) 



— ^ f*{^x/s) 

is commutative, we can factor o d and 7 through Ox — > because 



x^ 



f*{^x^/s ®o^N O. 



f*{0 



X) 



fJd) 



f*{^x/s) 



is a pull-back diagram. One checks directly that Ox f*{Ox^) is a homomorphism 
of sheaves of S'-algebras. Therefore, it defines a morphism : — > X that is an 
extension of f :X ^ X. 

In conclusion, we have shown that for any affine S & S and ^ G da,g,o{'^) that 
corresponds to the family f : X ^ X, the tangent T^^g Q at ^ takes J\f G 9Jlo9s to the 
set of all commutative diagrams of (!?A;-iiiodules (1.1). This set is naturally the first 
extension module 

Ext^ {[r^x ^ n;,/s],Op, (^Os -A/") , 

where [f*^x ^x/s] '^^ ^ complex indexed at —1 and 0. We should point out that 
in [Ra], Z. Ran has identified the deformation space and the obstruction space of this 
moduli problem to the above diagram and has expressed them in terms of extension 
modules over non-commutative rings. He actually treated more general cases. Based 
on [Ra] and the above reasoning, we only need to check that the set of diagrams above 
is canonically isomorphic to the above extension module. This can be checked by using 
hypercohomology of a double complex based on a covering of Xs and a locally free 
resolution of ^Xsi similar to the example in [GH]. We leave the details to readers. 

Now we give the tangent of the functor da,g,n- 

10 



Proposition 1.4. Let S he any affine scheme and let ^ € ■Sa,g,n{'^) represented by 
X with marked points D d X . Then for any M G Tlots, 

Proof. We will sketch the proof of one direction and leave the other to the readers. 
Given any section in the above sheaf, we can associate to it a diagram 

f*^x f*nx 

> Ox^os-^ ' ^ ^VLx/siD) ^ 



^ Ox{D)®Os^ ^ ^ ^ ^x/s{D) > 0, 

where the lower left square is the push-forward of sheaves of ©A'-niodules. The last 
line (tensored by Ox{—D)) defines an extension . Since f*^x ^x/s{D) factors 
through Q.X/S ^ ^x/s{D), f*^x B factors through B{—D) c and thus defines a 
morphism f^ : X. The immersion X'^ extending D ^ ^ is determined 

by the data coker{^ — > In this way, we have constructed an extension 

f^ -.D^ CX^ — >X of f :DcX — > X. 

It is routine to check that this correspondence is one-to-one and onto, and satisfies the 
required base change property. This proves the proposition. □ 

We now describe the standard choice of the obstruction theory of da,g,n- 

Proposition 1.5. For any S & S and ry G Sa,g,n{^) corresponding to the family 
f:X^X over S with the marked sections D, we define ob^ to be the sheaf 

£xtl,/si[r^x^n;,/s{D)],Ox). 

We let oh, be the collection {ob^} indexed by rj E ^{S) for S E S. Then ob, forms a 
sheaf over g .^. Furthermore, there is an obstruction theory of^-^g ,^ taking values 
in the sheaf oh,. 

Proof. It is clear that {ob^} is a sheaf over da,g,n- Now we describe the obstruction 
theory taking values in this sheaf. Let S be any affine scheme and let 5 ^ Yq ^ Y" be a 
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tuple of S'-schemes described in Definition 1.2 (Namely, S Yq ^ Y are embeddings 
and the ideal sheaf of Iq C y is annihilated by the ideal sheaf of 5 C Y). Let 
V ^ ^a,g,n0^o) be any object corresponding to a family /q-.Xo^X with marked points 
-Do C Xq understood. We let X = Xy^ S, D = Dq Xy^ S and / = fo\x- We let 
TT : X S he the projection. Since I := ly^i^y is annihilated by the ideal sheaf Iscy, 
X is a sheaf of Os-modules. Clearly, Dq C <%o can be extended to a family over Y, say 
D C X. Since X Y is a flat family of nodal curves, we obtain an exact sequence 

(1.2) Ixocx ^x/s Ox, ^x,/s 0. 
Let t{X) g Hom(/Qrix, f^A'o/s) be the obvious homomorphism and let 

be the image of t{X) under the connecting homomorphism 

Hom(/*J^x,J^Afo/s) ^ Ext^^(/o*J^x,:fAroCAr) = Ext^(fJ^x,7f*T). 

Here the second identity holds because f^^x is locally free. It follows that f{X) = 
if and only if f^flx ^Xq/s lifts to /o^x ^ Q^/s ^'Ox Oxq- This can be shown 
by similar arguments in studying '^dagni'n) that it is the necessary and sufficient 
condition for JqiXq ^ X to be extendible to f:X —>■ X. We let 

ob{r],Yo,Y) G Ext|([fnx ^ Q;e/s(5)],7f*X) 

be the image of f{X) under the obvious homomorphism 

Ext^(f Qx,7f*x) ^ Ext^([rnx ^ n^/s],ri)^Ext%{[rnx ^ nx/siD)],7t*i). 

To complete the proof, we need to check that the definition of oh{r]Q, lo; ^) is inde- 
pendent of the choice of extension D <Z X, o6(?7o, loi has the required base change 
property and is the obstruction to extending / to Y . Since the choice of the marked 
points of the nodal curve is irrelevant to extending /o to / and since the definition of 
06(770, Yq,Y) is independent of the choice of the marked points, to study the obstruction 
problem, we suffice to look at the situation where = 0. We will assume this in the 
rest of this section. We now check that oh{r]Q,YQ,Y) is independent of the choice of the 
extension X. Indeed, let X' be another extension over Y . Then by the deformation 
theory of nodal curves, there is an extension class v G Ext^(r2_;p/^, 7f*X) defining the 
exact sequence 

(1.3) — ^7f*X — — >^x/s — 
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of which the following holds. Let 



(1.4) (7f*x)®2 nx/s ®o;. Ox, ®M ^ nx,/s o 

be the exact sequence induced by (1.2), (1.3) and ^Xo/s ^x/s- Then the bottom 
exact sequence in 

^ ^X/S ®0;, Ox, ® M > ^Xo/S > 

* S > ^Xo/S ' 0, 

where the left square is the push forward of sheaves, is isomorphic to the exact sequence 
(1.6) ^ 7f*X ^ ^x'/s ®o^, Ox, ^x,/s 0. 

Therefore, f{X') = f{X) + 5q{v), where 

^o:Hom(f f^x,^^A^/s) ^ Ext^(ff^x,7f*T) 

is the obvious connecting homomorphism, and hence the images of f{X) and f{X') 
in Ext^([/*r2x ^ ^x /s\i'^*'^) coincide. This proves that oh{j]Q,YQ,Y) is well-defined. 
For the same reason, the class o6(-, •, •) satisfies the required base change property. 

It remains to show that oh{r]Q,YQ,Y) is the obstruction to extending r] to Y. Ob- 
viously, if rjo can be extended to r/ G ^a,g,nO^)i say / : A" — > X, we can take X to be 
the extension of Xq and then f{X) = by construction. Hence o6(ryo, ^o, ^) = 0. Now 
assume 06(770, Yq^Y) = Because of the exact sequence 

Ext^(J^;e/s,7f*X) ^ Ext^(fJ^x,7f*X) Ext|([fJ^x ^ ^x/s]X^) 0, 

f{X) is (3{—v) for some v € Ext;^(ri;f ^5, 7f*X). It follows from the deformation theory 
of nodal curves that we can find an extension X' over Y (of Xq) such that the diagrams 
of exact sequence (1.3)-(1.6) hold. Hence f{X') = f{X) + (5{v) = 0, which implies that 
/ extends to f : X' —>■ X. This proves that ob{r]o,Yo,T) is the obstruction class to 
extending r]Q to Y. □ 

In section 4, we will show that T*^^ ^ n ^ perfect tangent-obstruction complex of 

"a.,g,n' 
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> (7f*X)®2 

(1.5) (1,1) 

^ 7f*X 



2. Relative Kuranishi Families 



In this section, we will construct the relative Kuranishi families of a perfect tangent- 
obstruction complex. We will show that any two such families are equivalent under an 
explicit transformation. This will be used to construct virtual normal cones and cycles 
of moduli spaces in the next section. 

We begin with the notion of relative tangent-obstruction complex and the observa- 
tion on how defining equation induces relative tangent-obstruction complex. In this 
section, we assume that S is an aflfinc scheme and Z is a formal S-scheme with a section 
i:S ^ Z so that as sets Supp(Z) = Supp(i(5')). We further assume that there is a fi- 
nite rank locally free sheaf T of Og-modules such that Z is embedded in Spec Sym* (JT) 
(Recall Sym'{T) = lim^ ©JLo'5"(-^))- 

Definition 2.1. Let Z/S be as before. A perfect relative tangent-obstruction complex 
is a two term complex [£1-^82] of locally free sheaves of Os -modules of which the 
following holds. 

(1) The cokernel of £2 £1 is isomorphic to ^z/s ®Oz ^s- 

(2) Let O = coker cr. Then there is a relative obstruction theory to extending S- 

morphisms to Z with values in O. 

Here, an obstruction theory to extending S-morphisms to Z is an assignment that, to 
each tuple of S -schemes S ^Yq described in Definition 1.2 and any S-morphism 
(po'-Yo ^ Z, assigns a canonical obstruction class 

ob{^o, Yo,Y)e TsiO ^os ^YoCy) 
to extending ipo to Y ^ Z. 

In this paper, for a scheme W, we often need to consider the formal completion of 
W X W along its diagonal. We denote this completion by W. We will view 11^ as a 
VK-scheme where vr : IF — > is induced by the first projection of W x W. We will 
denote by pw :W ^ W the projection induced by the second projection of W x W. 
Note that there is a canonical section W ^ W of tt :W ^ W induced by the diagonal 
embedding W ^ W x W. 

Lemma 2.2. Let W be a quasi-projective scheme. Assume that W admits a perfect 
tangent- obstruction complex = i)*{£*). Let S C W be a locally closed subscheme. 
Then canonically induces a perfect relative tangent-obstruction complex ofWxw 
S/S, denoted by TT^^^^^^. 
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Proof. Since W is the formal completion ofWxW along its diagonal, 



Now let 5 — > Yo — ^ be a tuple of /S-schemes as before. Assume that ^pq-.Yq ^ W Xw S 
is an S'-morphism. Then o i^q is a morphism from Yq to W . Clearly, tpQ extends to 
an 5-morphism ip -.Y ^ W 'x.w S \i and only if pw ° extends to 1" — > W, which is 
possible if and only if the obstruction 

Obipw O ipo, Yo, Y) e rsii)'^iS' ®Ow Os) ®Os ^Yocy) 
vanishes. Hence ob{pw ° fo,YQ,Y) is the obstruction to extending ipo to Y. □ 

To relate a Kuranishi family to an obstruction theory, we need to investigate how 

defining equations induce a perfect relative tangent-obstruction complex. Before we 
proceed, let us introduce the convention that will be used throughout this section. In 
this section, S will always be an affine scheme. Let f i and £2 be two locally free sheaves 
of Og-modulcs. Wc will assimic throughout this section that T{£i) are free T{Os)- 
modules. Wc will denote by A the ring T{Os) and by Ei the free yl-module T{£i). 
Given an ^-module A^, we will denote by Sym*(A) the inverse limit lim^ (B^^—qS^N) 
of the direct sum of the symmetric products of N. In this section, we will always use 
M to denote Sym*(£'^). We denote by Afi C M be the ideal generated by C M 
and denote by the ideal Mf. For any ^-homomorphism F : E2 M, sometimes 
denoted F ^ M 0a E2, we will use (F) to denote the ideal of M generated by the 
components of F. We now &x an F-.E^ M. We assume (F) c Mi. Let a:Ei E2 
be the dual of E'^ M1/M2 = E^ which is induced by F. We let O = coker(cr). 

We now describe how F induces a relative tangent-obstruction complex to defor- 
mations of S-morphisms to Z. Let S Yq ^ Y he & tuple of 5-schcmcs as be- 
fore and let ip^ : M/{F) T{Oyo) be an yl-homomorphism. Let g : M ^ ^{C'y) 
be a lift of M ^ M/{F) r(OyJ. Clearly, ^M^FiOy) factors through 
o:E^ ^T{Iyocy). Let 

obiipo,Yo,Y) eO^ATilYoCY) 

be the image of o under the obvious E2 ^{^YqCy) O iSia ^{^YqCy)- We claim that 
this is the obstruction to extending Yq ^ Z toY ^ Z. Assume ob{ipo,Yo,Y) = 0. Then 
o lifts to an h-.E^ —>■ r{lYacY)- Let h:M^ T{Oy) be the induced homomorphism. 
It follows that g-h:M ^ ^{Oy) factors through M/{F) r(Oy). Thus ipo extends. 
The other direction is clear. We leave it to readers to check that such an assignment 
of obstruction class is canonical under base change. 
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Definition 2.3. Let Z/S be as before. Assume that T^/g = is a perfect relative 

tangent- obstruction complex of Z/S. A relative Kuranishi family ofT^^g = i)'{S*) is 

a pair {F, $), where 

F:E^ — >M and $ : Spec^ M/{F) — > Z, 

of which the following holds. 

(1) $ is an S -isomorphism. 

(2) The complex S* is identical to the sheafification of the complex Ei E^ in- 
duced by F. 

(3) The induced relative tangent- obstruction complex (from F) is identical to the 
relative tangent-obstruction complex T^^^ = [)*{£'). 

If the choice of the complex T^^^ = i)*{S*) is understood from the context, we will 
simply call {F, $) a Kuranishi family and call F a Kuranishi map. 

The relative Kuranishi families of T^/g = if exist, are not unique. Let 

(^,??) G AutA(M) X Hom^(E2,M (g)^ E2) be a pair such that 

(2.1) ^ = Im mod M2 and 77 = 1^2 mod Mi. 

We will show momentarily that if (F, $) is a relative Kuranishi family, then the pair 
{F', defined by 

F' = ((lM®?7)o(e®lBj)(F) and = $ o ^ 

is also a relative Kuranishi family. Here, ^ 1e2 and 1m ® V are maps from M (g)^ E2 
to M E2 and ^ is the induced morphism 

Spec^ M/{F') Spec^ M/{ri{F)) = Spec^ M/(F). 

We will denote the pair (F', above by (^, ri){F, $). We will call those (^, ry) satisfying 
(2.1) transformations. Given two transformations {^,r]) and {^',r]'), we define 

iC, r)) ■ (C', V') = o e, (1m ® ??) o (e ® IbJ o (1m v'))- 

It follows that 

Let /C be the set of all relative Kuranishi families and let H be the set of all transfor- 
mations. It follows that W is a group acting on /C. 
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Proposition 2.4. Let Z/S be as before and let T*^^ = [)*{£*) be its perfect relative 
tangent-obstruction complex. Then the set JC of all relative Kuranishi families is non- 
empty and the group H acts transitively on K,. 

We let Fi : ^ M be the map E'^ ^ <Z M induced hy a:£i ^ £2 in the 
complex £' . As before, we denote by {Fi) the ideal in M generated by the components 
of Fi. Let Ji = {Fi) + M2. Since cokerjcr^} = ^z/s^ there is a canonical S-morphism 

$1 : Spec^ M/ Ji — > Z 

such that the isomorphism between f^(SpecM/Ji)/s ^OspecM/ji and Vlz/s ®Oz Os 
induced by $1 is the identity map. 

The existence part of Proposition 2.4 follows from the following Lemma. Recall 
O = coker{Ei E2}. 

Lemma 2.5. Let the notation be as before. Then there are sequences F^ G M (g)^ E2 
and $fc : Spec M/ ((-Ffc) + M^) Z, where fc = 1, • • • , of which the following holds. 

(1) Fi e M ®A E2 and <E»i :Spec^ M/Ji — >■ Z are given as before. 

(2) Fk-Fk-i eMk®E2. 

(3) Let Jk = {Fk)+Mk+i. Then the image of Fj, in (Jfc_i/(Mfc+i+ Jfc.i-Mi))®^© 
(using quotient E2 ^ O) is the obstruction class 

Ofc = ob{^k-i,M/Jk-i,M/{Mk+i + Jk-i ■ Ml)) 

to extending ^k-i to Spec M / {Mk+i + Jk-i ■ Mi) — > Z. 

Proof. We prove the lemma by induction. Assume that we have constructed a sequence 
Fi, . . . , satisfying the property of the lemma. We let 

Ik-i = Mfc+i + Jk-i -Ml CM. 

Note that M/J^-i is a quotient ring of M/Ik-i and its kernel Jk-i/Ik-i is annihilated 
by the ideal Mi. We let fk-i be the residue class of Fk-i in {Jk-i/ (M^ + /fc_i)) (8)^-^2- 
We claim that the sequence 

(Jfc_l/4_l) (g)A E2 ^''^^ (Jfc_i/(Mfc + h-l)) ®A E2 e (Jk-l/h-l) ®A o 

(2.2) (^j^_j^Mk + Ik-i))®AO ^0 

is exact. Indeed, since /12 is surjective and has kernel (Jk-i/Ik-i) '^A ImjE'i — > E2}, 
the cokernel of {hi, /12) is the cokernel of 

{Jk-l/Ik-l) ^A lm{Ei E2} {Jk-l/iMk + Ik-l)) ^A E2, 
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which is the last non-zero term in (2.2). Now we consider {fk-i,Ok) in the middle 
group of the above exact sequence. By the induction hypothesis and the base change 
property of obstruction class, the images of fk-i and Ok in (J?c_i/(Mfc + Ik-i)) ®A O 
are the obstruction class 

ob{^k-i,M/Jk-i,M/{Mk + /fc-i)), 

hence they coincide. It follows that there is an fk G (Jk-i/Ik-i) ®A E2 such that 

its image under (/ii,/i2) is {fk-i,Ok)- Now we choose Fk- We first select an G 
Jfc_i®A-£'2 so that its residue class is fk- Since fk = fk-i mod Mk, which by definition 
is the residue of Fk-i in (M/ {Mk + Ik-i)) E2, it follows that 

- Fk-i e Mk + Jk-i ■ Ml. 

Therefore, we can find an Fk so that Fk — Fk-i G Mk and Fk — Fj, e Jk-i ■ Ik-i- 
Let Jfc = (Fk) + Mk+i- It remains to show that $fc-i extends to an S-morphism 

: Spec^ M/Jk — > Z. 

Because of the obstruction theory, it suffices to show that under /12 the residue class 
of Fk in (Jfe-i//fe-i) 'S'A E2 is mapped to the obstruction class Ofc, because then the 
obstruction class 

oh{^k-i,M/Jk-i,M/Jk) 

will be the image of Fk in [Jk-i/Jk) ®A O, which will be zero. But this is exactly 
the condition imposed on Fk in our selection. This proves that ^k-i lifts to as 
desired. Finally, it follows from Fk+i — Fk E Mk that lim Fk = F e M (8)a E2 exists 
and F — Fk E Mk- Also, since ^k+i is an extension of the limit lim^/. = $ : 
Spec^ M/ (F) — > Z is an S-morphism. This proves the lemma. □ 

To complete the existence part of Proposition 2.4, it remains to show that $ is 
an isomorphism and the induced perfect tangent-obstruction complex from (F, is 
identical to T^/g = ^*{£'). We now show that $ is an isomorphism. By our technical 

assumption, Z embeds in SpecSym*(i^) for some finitely generated free A module 
H. Without loss of generality, we can assume that rank if = ranki^i. Let N = 
SpecSyin*(if), let Ni c N he the ideal generated hy H c N and let Nk = N^. We let 
K C Nhe the ideal of Z C Spec A''. Let : N/K M/{F) be the ring homomorphism 
induced by Because $ induces an isomorphism between ^m/(f) ®m/{f) ^ and 
^N/K ®N/K A, ^* induces an isomorphism N/{K + N2) = M/{{F) + M2). It follows 
that we can find an ^-isomorphism (f) : N ^ M such that ^{K) C (F) and (f)/K : 
N/K M/{F) is We now show that 4){K) = (F). Let k be the least integer so 
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that (t>{K)+Mk+i ^ (F) +Mfc+i. Clearly, k must be at least 2. Let J = (l){K)+Mk+i. 
Since J + Mk = {F) + Mk, ((F) + Mk)/J is annihilated by Mi. Now let o be the 
obstruction class to extending T{Oz) = N/K — > M/{{F) + Mk) to V(Pz) -> M/J. 
Because such an extension does exist, we have o = 0. On the other hand, since 
J C {F) ■ Ml + Mfc_|_i, by the definition of F the obstruction o is the residue of F in 
(((F) + Mk)/J) <^A O. Hence 

F G ((F) + Mfc) (g)^ Im{Fi F2} + J C ((F) • Mi + Mfc+i) + J = J. 

This implies that (F) + M^+i = J, contradicting to our assumption that J ^ (F) + 
Mfc+i. This proves that (j){K) + Mk = (F) + Mfc for all k, and hence $ is an isomor- 
phism. The proof of that the tangent-obstruction complex of (F, $) is = {}*(^*) is 
straightforward, and will be omitted. The existence part of Proposition 2.4 is proved. 

Now we study the group action on /C. We first check that if T = (^,17) G Ti 
and (F,$) G /C, then r(F,$) G X:. Let (F',$') = T(F,cE.). Because of the base 
change property of the obstruction class, it suffices to show that the the sequence 
(F|^,$'^) := (F',<I>') satisfies the four properties listed in Lemma 2.5. Indeed, in case 
r = (^, l^;^), property 1, 2 and 4 in Lemma 2.5 are obviously satisfied. Property 3 also 
holds because ^-.M^M induces an isomorphism between (F) + Mk and (F') + Mk 
for all k. This shows that {^,1e2){F,^) G /C. Now we consider {1m, rf) G "H. Let 
F' = ri{F). Then since (F) = (F') C M, property 1 to 4 in Lemma 2.5 hold for 
(F', $') as well. This proves that (^, ry) = (1, r/) • (^, 1) acts on K,. 

Lemma 2.6. % acts transitively on K. 

Proof. Let (F, $) and (G, ^') be any two elements in /C. By definition, wc know that 
(F, $) = (G, *) mod M2. Now assume that there is a A; > 2 so that (F, $) = (G, *) 
mod Mfe. We will show that there is a transformation (^,77) G H satisfying ^ = 1m 
mod Mk such that (^, 77) (F, $) = (G, *) mod M/.+1. 

Let Jk-i = (F) + Mfe, which is (G) + Mk by the assumption. Let 7^-1 = -^fe+i + 
Jfc_i • Ml and let fk and Qk be the residue classes of F and G in (Jk-i/Ik-i) <8>a F2 
respectively. Let 

/?:(Jfe_i/4_i) ®A F2 ^ (Jk-i/Ik-i) ®A O 

be the obvious homomorphism. By definition, (3{fk) and (3{gk) are the obstruction 
classes to extending ^k-i = *fc-i :Spec^M/Jfc_i Z to Spec^M//fc_i. It follows 
that P{fk) = P{9k), and hence 



fk-9k^ (Jfc_i/4-i) ®A Im{Fi E2}. 
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Let t € M E2 be a lift of fk - Qk- Then Fk - Gk - t £ Ik-i ®a E^. On the other 
hand, since M ®a Im{-Ei ^ E2} dJi ®a E2 C. Mi ®a E2, 

te(Ji- Jk-i) ®A E2 c 4-1 ®A E2. 

Therefore fk — 9k ^ Ik-i ®A E2. This imphes that for some rj € Hom^(£'2j -M ®a E2) 
satisfying property (2.1), we have G—r}{F) = mod M^+i. Hence Jk = {F)+Mk+i = 
{G) + Mk+i. 

Next we analyze $fc and ^k- Let ipk, ipk '■ r(Oz) — ^ M/Jk be the homomorphisms 
of rings induced by and ^k respectively. Then since (pk = V'fe mod Mk, there 
is a D € DerAiT{C>z),Jk-i/Jk) such that ijjk = (fk + D (see [Ma, pl91]). Since 
(Jk-i/Jk) • Ml = and since ^k induces an isomorphism between ^Iz/s ®Oz and 
fly/s ®Oy ^s, where Y = Spec^ M/Jk, there is a Z^o € Der^(M/Jfc, Jk-i/Jk) so that 
ipk = (id + -Do) ° 4'k- Since id + Dq is an isomorphism of M/Jk that is the identity 
modulo Mk, there is an isomorphism — >■ M so that ^ = 1m mod Mk, ^{Jk) = Jk 
and the induced homomorphism M/Jk M/Jk is exactly id + r>o- 

The transformation {^,r]) is not quite what we want, since it satisfies the relation 

G = 77(F) mod Mfe+i and = # o f mod Mk+i- 

To obtain rj so that G = ((1m ® 77) o (C ^ ^E,)){F), we instead look at the relative 
Kuranishi family (F',$') = {^,1e2){F,^). Then since 

{F', $') = {F, $) = {G, ^) mod Mk, 

by the previous argument we can find an 77 G }lom.A{E2,M 0^ E2) satisfying (2.1) so 
that G = r]{F') mod Mk+i- 

Now we apply induction on k. The previous argument shows that there is a sequence 
of transformations Tfc G /C so that if we let S"?; = Tfe o • • • o T2 then Sk{F, $) = {G, ^) 
mod Mk+i- Let Tk be {S,k,Vk)- Since ^k = 1m mod Mk, S,k ° • • ■ ° ^2 converges to 
an automorphism ,^00 '■ M — ^ M. ^^o satisfies the property (2.1). Now let (F',<1>') = 
(Coo, ^E2){E^ For the same reason, there is a sequence rjk G Hom^(i?2, Mi 0^ E2) 
so that if we let Hi = F' and Hk+i = (1^2 + Vk){Hk), then G = Hk+i mod Mk+i- 
Applying the Artin-Rees lemma to the ideal L = {F') c M, we can find an integer c 
so that 

LMi n M"^ = M^-^iLMi n M{=) 

for any n > c. Let = (Hk). Since L is isomorphic to Lk under an isomorphism of 
M, the same identity holds with L replaced by Lk- Then since 

VkiHk) = Hk+i -Hke -RomA{E2,E2) ®a (LkMi n ), 
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for k> c, we can assume that 77^ have already been chosen so that 

With this choice of rjk, the composite {IE2 + ^fe) • • • (Ifia + ^1) will converge to an 
rjoo £ }iomA{E2, M E2) such that 7700 = mod Mi and G = r]oo{F'). Therefore, 
i^oo,iloo){F, = (G, This proves Lemma 2.6 and Proposition 2.4. □ 



Corollary 2.7. iet Z/iS and '^^/^ = i}'{£*) be as in the situation of Proposition 2.4- 
Let T c S be a closed subscheme. Let W = Z XsT and B = T{Ot)- Then T*^^ 
canonically induces a relative perfect tangent- obstruction complex T^^j. = t)*{£* (SiOs 
Ot)- Further, if (F, $) is a relative Kuranishi family of T^j^, then F' = F ®a B and 
the restriction of to Spec N/{F'), where N = M^aB, is a relative Kuranishi family 
ofT^,s = h*{£' ®Os Ot). 



Proof. This is obvious from the proof of Lemma 2.5. □ 



Before we close this section, we will point out the relation between the relative 
Kuranishi families and the Kuranishi families in the usual sense. Let S and T* = f)* *) 
be an affine scheme and a perfect tangent-obstruction complex of S. Let Z be the 
formal completion of S* x 5 along its diagonal and let T^y^ = i)*{£*) be its induced 
perfect relative tangent-obstruction complex. Let (F, be a relative Kuranishi family 
of this complex. In the following, we will localize {F, $) and compare it with the usual 
Kuranishi maps. 

Let q ^ S he any closed point and let ra C A be the maximal ideal of g G 5. 
Let A = limA/m", let Ei = Ei®A A and let M = M ^ be their respective 
formal completions. We denote by Z the formal completion of Z along Z Xs {q] and 
by S the formal completion of S along q. Then T'jg = \)*{£*) canonically induces a 

perfect relative tangent-obstruction complex T|^^ = \)'[E'). Obviously, (F, $) induces 
a Kuranishi family 

FeM®^E2 and ^ : SpecM /{F) ^ Z 

ofT|/, = ^-(F-). 

Now we turn to the usual Kuranishi families. For simplicity, we assume £2 'S'Os 
is isomorphic to ®Os ^{q)- Let Tj = £i ®Os k{q)- Then Ti is the tangent space 

TqS. The complex T* induces an obstruction theory to deformations of g in 5 taking 
values in T2. Now let B = Sym»(Ti^) and let 

f eB^k and (p : Spec ^ S 
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be a Kuranishi family (cf. [La]). In the following, we will construct a pair {f,(p) from 
(/, (p) analogous to {F, $). Let I <Z B (gifc B be the ideal generated hya®\ — l(S)a 
and let B = \\m.B B/I^. Let pi,p2 : B ^ B he the homomorphisms defined by 
Pi{a) = a (8> 1 and p2 (a) = 1 (8) a. For / G -B (8)^ T2 given before, we denote by pi (/) the 
image of / under pi (g) 1^2 : -B ^ T2 — S (g)^ T2. As before, we denote by (pi {/)) C B the 
ideal generated by the components ofpi(/). We let C = B/{pi{f)). C is an A-algebra 
via A = B/{f) C induced by pi. Let / = P2{f)- It follows that SpecC/(/) is the 
formal completion oi S x S along its diagonal. Because Z is the formal completion of 
S X S along its diagonal, we obtain a canonical iS-isomorphism 

(2.3) ^ : SpecC/(/)^Z. 

Now let 7c C C be the ideal generated by the images oi I d B ®k B. Note that 
C/Ic — A. We consider the complex of yl-modules 

F' = [{Ic/llY^T2®k A] 

index at 1 and 2, where the arrow is the dual oi df : T2 ® A Ic/Iq- Since 
{Yi.om.^{F* , A)) = fl,B/{f)j there is an isomorphism of complexes 

(2.4) Hom^(^*,i)^ Hom^(F*,i) 

so that their induced isomorphism on is the canonical isomorphism between 0,^ 
and ClB/{f)- Namely, we have the commutative diagram 

H-\ilom.^{E' , A)) = ^l^ 

J7-i(Hom^(F-,i)) . ns/if) 

Let (ri,r2) : E* F*, where Vi'.Ei — > Fi are the corresponding isomorphisms. Since 

^ ^ X 

F* (g)^ k and E* (g)^ k are Ti ^ T2 , we can choose r2 so that its tensoring with k is the 
identity of T2. We now compare the pairs {f,0) and (F,^). Let ^1 : C — >■ M be the 
yl-isomorphism induced by the dual of ri: Ei {Ic/IcY J?! : ^2 (gfc ^ — ^ E2 

be ■ Then our choice of ri and r2 guarantees that 

((IjQ- (g) ?7i) o (^1 (g) lrj)(/) = F mod M2 and (po^i=^ mod M2, 

where ^1 :SpecM/(F) SpecC/(/) is the isomorphism induced by ^1. 
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Lemma 2.8. There is an A-isomorphism ^ : C — > M andr] G Hom^(r2(8>fe^, M(8)^£'2) 
satisfying 

(2.5) ? = ?i mod M2 and r? = ?yi mod Mi 

suc/i that 

{{^M^v)o{^^lTMf) = F and ^0^=^, 
where, as usual, is the isomorphism induced by ^. 

Proof. The proof is parallel to that of Lemma 2.6. The difference is that in this 
case we can only compare the obstruction classes when they lie in (8)^ k) or 

in f)^(F* 0^ k), because the identification (2.4) is canonical only after tensoring k. 
We proceed as follows. Let rrio C C and ttiq C M be their maximal ideals, and let 
Jk = Iq- rrio"^ C C and = M2 • vn-'o^'^ C M. Assume that there are ^^-i : C ^ M 
and rjk-i £ Hom^(T2 ®k ^5 ®^ E2) satisfying (2.5) such that 

((1m !^%-i) o (Cfc-i ® lr2))(/) = ^ mod 4 and (po^k_^ = ^ mod 4. 

We consider the residue classes 

Ok = residue of / in (((/) + Jk)/{{f) ■ mo + Jk+i)) ®k T2; 
o', = residue of F in {{{F) + 4)/((F) • m[, + 4+^)) 0^ T^. 

Because / and F are the (relative) Kuranishi maps, they are the obstruction class to 
lifting 

A^O^^ C/{{f) + Jfc) to A^ C/{{f) ■ mo + Jk+i) 
and the obstruction class to lifting 

A^O^^ M/{{F) + 4) to i ^ M/{{F) . m', + 4+^), 

where p2 is induced by Z ^ 5 x 5 5. It follows that they must coincide under the 
isomorphism 

(((/) + Jk)/{{f) ■ mo + Jfe+i)) 0k T2 - {m + 4)/((F) ■ m'o + 4+1)) ®fe T2 

induced by ^jt-i. The remainder argTuncnt is a repetition of the proof of Lemma 2.6, 
and will be omitted. This proves the lemma. □ 
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3. Virtual normal cones 



In the first part of this section, for any quasi-projective scheme W and a perfect 
tangent-obstruction complex 7^ = [}*{£*), we will construct a virtual normal cone 
C Vect(52). Here Vect(52) is the vector bundle on W so that its sheaf of sections 
is £2- By abuse of notation, we will not distinguish a vector bundle with the scheme of 
its total space. The cone will be the restriction to W of the normal cone to the zero 
locus of a relative Kuranishi map in its graph. Based on the property of the relative 
Kuranishi families, we will show that is unique (as scheme). Because of this, this 
construction can be applied to the moduli functors represented by Deligne-Mumford 
moduli stacks. 

We begin with an affine scheme S and a perfect tangent-obstruction complex T* = 
t)*{£*). Let Z be the formal completion of 5 x 5 along its diagonal. We continue to 
use the convention adopted in the previous section. Namely, A = r{Os), Ei = T{£i), 
which are assumed to be free A-modules, and M = Sym*(£'^). We let A'' = Sym*(£'^). 
Let (F,^), where F £ M E2, be a relative Kuranishi family of T'^g = l)*{£*). 
It is clear that F extends to an ^-homomorphism N ^ M of A-algebras. We let 
Tp C Spec 0A M be its graph. We let j:S ^ Spec N be the obvious section and let 

L = j xsl : SpecM = 8x3 SpecM SpeciV ®a M. 

We view l as the 0-section of SpeciV 0^ M SpecM. In the following, we will view 
Z as a, subscheme of SpecM via the isomorphism SpecM/(F) = Z. It follows that 

l{Z) = Fp xspec n®aM i(SpecM). 

We let be the normal cone to t{Z) in T^?. is canonically embedded as a closed 
subcone in Vect(£'2) Z, which is the normal bundle to <-(SpecM) in SpecA?" ®a M. 
Finally, we let be the restriction of Af^ to S: 

Remark. The cone A^^ is the normal cone to Z in SpecM, denoted Cz/s-pecM: ^i^d 
= Cz/ SpecM Xz S. However, using the graph description it is clear how these 
cones are canonically embedded in the vector bundles Vect(f2) Z and Vect(£^2)5 
respectively. 

Lemma 3.1. let {F, <&) and (G, \I') be two relative Kuranishi families ofT^^^ = i)*{£*). 
Then as subschemes of Vect{£2) X5 
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In particular, the cone C^' C Vect{£2) does not depend on the choice of the relative 
Kuranishi families. 

Proof. By Proposition 2.4, there is a transformation (^,77) G H so that (^,r7)(F, $) = 
(G, ^). Let 6 be the automorphism of N ®a M defined by 

a(g) 1 ^ ?7'"''(a) and 1^6^^1(8)^(6). 

Here, r/™ : A'' N'S)aM is the homomorphism induced by r]~^ G Hom^(£^2, M0^£'2) 
such that o ry = l^^- Let ^ • SpeciV 0a M —>■ SpecN (g)^ M be the induced 
isomorphism. Clearly, preserves i(SpecM) and induces an isomorphism between 
Tp and To- Hence 6 induces an isomorphism, denoted of the normal bundle to 
i(SpecM) in SpecA'^ 0^1 M with itself. It follows that 6^ induces an isomorphism 
between A^^ and J\f'^ . Finally, because 77 = l^^ mod Mi and ^ = 1m mod M2, the 
restriction of ^* to Vect(£"2) C Vect(£"2) X5Z is the identity homomorphism. Therefore, 
J\f^ Xz S = Xz S. This proves the lemma. □ 

We will call C^' C Vect(£^2) the virtual normal cone of the tangent-obstruction 
complex T^* = l)'{£'). 

Lemma 3.2. Let the notation be as before. Assume J-* = [.Fi J-2] is another 
complex of locally free sheaves so that T* = f)*(jr*). Assume further that there is a 
surjective homomorphism of complexes T* £* such that the induced isomorphism 
of their sheaf cohomologies ^'(.7^*) = 'is the identity, using the isomorphisms 

= T* = ^'{S*). Let (p2 : £2 be one of the homomorphism and let 

C{ip2). Vect{J^2) Vect{£2) he the induced submersive morphism. Then 

c{^2)-\c^') = c^'. 

Here by C{'.p2)~^{C^ ) we mean 

C^' Xvect(f2) Vect{J^2)- 

Proof. This is a local problem. By shrinking S if necessary, we can assume that there 
is an isomorphism = £' ® [Cf'' ^ Of °] so that the given T* £' is the obvious 
projection. Let Fi : E2 M be a relative Kuranishi family of T'^g = l)*{£*). Let 

M' = Sym*(^®") and let Fg:^®" ^ M' be induced by id: A®" A®". Then 

Fi (8) I + 1 (g) F2 : A®" — ^M®M' 

is a relative Kuranishi family of T^/g = i)'{J^*). A direct computation on normal 
cones shows that C-^* is the pull back of C^* under the obvious projection Vect(.?^2) 
Yect{£2). This proves that C {ip2)~^ {C^' ) = C^' ■ □ 
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Let q e S be any closed point, let Ti = T^S and T2 = f)^(<?') (^Os Kq)- Then 
provides an obstruction theory to deformations of q in S. As in Section 2, we let S be 
the formal completion of S at q, let f:T2 — > B, where B = S-ym.*(T^), be a Kuranishi 
map. Let be the normal cone to Speci?/(/) in SpecB. It follows from the Remark 
before that is canonically embedded in Vect(r2) S. 

Lemma 3.3. Let the notation be as above. Then there is a quotient vector bundle map 
j : Vect{£2) Xs S ^ Vect(T2) x S extending the given quotient map 

Vect{£2) xs {q} = Vect{£2 ®Os Kq)) ^ Vect{T2) 

so that as subschemes in Vect{£2) Xs S, 

{Vect{£2) xs S) Xveet(r.)xs = ^ C 

Proof. We first consider the case where dimT2 = rank £^2- Then we are in the situation 
of Lemma 2.8 and its proof. We continue to use the notations introduced there. Let 
Ri = SpecM, let ii : S ^ Ri be the obvious section induced by S —^ SpecM and let 
-P G M (g)^ £'2 be the image of F under M (g)^ -E2 ^ M 0^ £'2 . We let R2 = Spec C C 
Spec^, 12:8 ^ R2 he the section induced hy a® b ah and let / G C (gfe T2 be the 
image of the Kuranishi map / : B under 

B^kT2 — >^B®kB®kT2 — >C®kT2, 

where ^2(0) = l®a. Let Vi = Spec(Sym«(£^)) and V2 = Spec(Sym»(T2^ ® A)). Let 
Oy. be the 0-section of Vi — > S. In the proof of Lemma 2.8, we have shown that there 
is an isomorphism 

K:ViX^Ri — ^ ^2 X ^ i?2 

of which the following holds. First, it induces an isomorphism between x g Ri and 
Xg R2, and induces an isomorphism between the graphs Tp and T^. Secondly, let 

: (Vect(f:2) Xs S)x§Ri — > Vect(T2) x R2 

be the induced isomorphism between the normal bundle to Ovi x^ Ri in Vi x^ i?i and 
the normal bundle to i?2 in V2 x^ i?2. Then the restriction of (p to the fiber 

over the closed point of Ri is the identity homomorphism between Vect(£'2) X5 {q} = 
Vect(£'2 ^os Kq)) and Vect(r2). 

Now let A/i be the normal cone to SpecM/(F) in Ri and let A/2 be the normal 
cone to Spec C / (/) in R2 . Note that A/i and A/2 are canonically embedded in Vi x ^ 
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SpecM/(F) and in V2 SpecC/(/), respectively. Let (p be the restriction of to 
Vect(£'2) X5 SpecM/(F). (p is an isomorphism between Vect(52) SpecM/(F) and 
Vect(T2) X SpecC/(/). Since K preserves the 0-sections and the graphs, (p{Ni) = 1^2 
and hence 

XspecM S) = N2 XSpecC S. 

Since the term inside the parentheses on the left hand side is C^' Xs S, to prove the 
lemma, we suffice to show that the right hand is Cf. Let tt : SpecC — > SpecS be the 
morphism induced by a 1 a. Clearly, tt is flat and 

SpecC xspecB Spec B/ if) = SpecC/(/). 

It follows from [Vi, p639] that xspecs SpecC = Therefore 

M XspecC S = C^' XspecB SpCC C XspecC S = C^' . 

This proves the lemma in case rank £^2 = dimr2. In general, by shrinking S if necessary 
we can find a complex and an isomorphism of complexes £* = J^* © [A®"- ^ A®"-] 
such that a = rank £"2 — dimT2. Then the general case follows from Lemma 3.2 and 
the situation just proved. This proves the lemma. □ 

Since dim F/ = rank £1 , we have dim = rank £1 . This proves 

Corollary 3.4. The cone C^' is equidimensional and has dimension rank^i. 

Corollary 3.5. Assume that we have two complexes £* and J^' so that i)*{£') = 
and i)'{!F*) = T* . Assume further that there is a surjective homomorphism ^p-.Ti £2 
so that the following diagram is commutative: 

-^2 > riiOs) 

v 

S2 ^ Ti{Os). 

Then as cycles, we have 

C{^r{[C'']) = [C^'] e Z,{yect{T2)). 

Here C(y)) : Vect(.7^2) Vect(£^2) is the induced morphism on vector bundles. 
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Proof. Let q E S he any closed point. Lemma 3.3 says that there are quotient vector 
bundle homomorphisms 

ji :Yect{£2) xs S — >Yect{T2)xS and j2 : Vect(.:r2) Xs — ^ Vect(T2) x S", 

extending the given Vect(£'2) X5 {q} Vect(T2) and Vect(.F2) X5 {q} Vect(r2) 
respectively, such that j^^{C^) = C^' Xs S and j2^{C^) = C-^' Xs S. It follows that 
there is a vector bundle quotient homomorphism j : Vect(^2) Xs S ^ Vect(£^2) Xs S 
extending Vect(J?^2) Xs {q} Vcct(£:2) Xg {q} such that J"^(C^' X5 S) = C^' Xg S. 
This implies that cycles [C'^ ] and C{lp)*{{C^ ]) have the same support along the fiber 
over q and that the multiplicities of their respective components near the fiber over q 
coincide. Since q is arbitrary, we must have C(<^)*([C^ ]) = [C-^ ]. This proves the 
corollary. □ 

Remark. The proof shows that the cycle [C^'] can be characterized as follows. At 
each q & S, there is a quotient vector bundle homomorphism 

j : Vect(£2) XsS^ Vect(r2) x S, 

extending Vcct(f2) Xs {q} Vect(r2), such that j*{[C^]) = r*[C^*], where r : 
Vect(£2) Xs S ^ Vect(£2) is the induced morphism and is flat. Clearly, this crite- 
rion determines [C^ ] completely, if it exists. The reason we need to use the relative 
Kuranishi families is to ensure that [C^'j does exist as a cycle. 

Let C 5 be a closed subscheme. Then T'^g = l)*{£*) induces canonically a 
relative tangent-obstruction complex '^'xsSo/So ~ '^*(-^*)' '^here JF* = £* 0Os ^So- 
Let (F, be a Kuranishi family of T'^g = i)'i£')- Let Aq = r(OsJ, Mq = M 0^ ^0 
and Fi = Ei 0a Aq. The pair Fq G Mq (8)^0 ^2 and $0 : SpecMo/(Fo) Z Xs Sq 
defined hy Fq = F (g)^ ^0 and $0 = ^|specMo/(Fo) ^ relative Kuranishi family of 

'^ZxsSn/So ^ '^'i^')- 1*^* = C(SpecMo/(Fn))/SpecMo ^nd SCt = C XspeciWo Sq, 

which is canonically embedded in Vect(J^2)- Note that Vect(J^2) = Vect(£'2) Xs Sq- 
Corollary 3.6. C-^' = C^' xs So as subschemes of Vect{J^2)- 

Proof. The proof is similar to the proof of Corollary 3.5. We continue to use the 
notations introduced there. Let g G be any closed point and let be the formal 
completion of Sq along q. It follows that Sq = S Xg Sq. Let ji be the map constructed 
in the proof of Corollary 3.5 and let ^2 be the restriction of ji to Vect(£'2) XsSq. Hence, 
j2 :Vect(:r2) XsoSo^ Vect(T2) x Sq. Then Lemma 3.3 shows that ji^iC^) = C^' XsS. 
We claim that j2^{Cf) = C^' Xso Sq. Indeed, by the proof of Lemma 3.3, it suffices 
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to check that if we let Co be the formal completion of Mq along the maximal ideal mo 
of (7 G 5*0, then Cq is flat over B via the homomorphism B ^ Cq induced by p2- But 
this is obvious. This proves the claim. Therefore, 

C^' xs So = H\Cf) So = j2\Cf) = C^' xs. So. 

This proves that C^' =C^' Xs Sq. □ 

In the remainder of this section, we will construct the virtual normal cone and the 
virtual cycle of a perfect tangent-obstruction complex. We will show in the end that 
this construction commutes with the refined Gysin maps. 

Let Z he a quasi-projective scheme and let T| be a tangent-obstruction complex 
of Z. We assume that £' = [£i — > 82] is a complex of locally free sheaves of Oz- 
modulcs so that T* = t)*{£*). We cover Z by affine open Sa such that Fg^ {£i) are free 
r(C's^)-modules for i = 1,2. It follows from Lemma 3.2 that we have canonical cones 

* C Vect(£^2) Xz Sa of the tangent-obstruction complex T^^ = i)*{£* C's^,)- By 
Lemma 3.3, S^Xz C|* = SfjXz Cf * as subcones in Vect(£2) Xz {Sa n Sp). Therefore 
Cf* patch together to form a global cone scheme C^' C Vect(£^2)- 

We remark that a global resolution = ^'{£*) allows us to construct a global cone 
as a subscheme in Vect(£'2). However, if we only have a locally free sheaf V making 
T^{Oz) its quotient sheaf, then we can canonically construct a cone cycle as follows. 
Since is perfect, we can find an open covering Sa of Z and complexes £^ of sheaves 
of -modules such that i)*{£*) = T*^ and that there are quotient homomorphisms 
(fa ■ V iSiOz ^s^ £2,01 such that 



is commutative. Because of Corollary 3.5, the flat pull backs C{(pa)*{[C^"^]) and 
C{ipfj)*{[C^^]) coincide over Sa r\ S/3. Therefore they patch together to form a cy- 
cle [C^] G Z^Vect(V). Because of Corollary 3.5 again, [C^] is unique. 

Now we construct the virtual cycle of a perfect tangent-obstruction complex T*. 
We first present T^{Oz) as a quotient sheaf of a locally free sheaf V, which is possible 
since Z is quasi-projective. Let iy ■ Z ^ Vect(V) be the zero section and let iy : 
A*(Vect(V)) A^,Z he the Gysin homomorphism. 
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Definition 3.7. Let the notation he as before. Then we define the virtual cycle [Z]'^^^ 
ofT^ to he 

[zy'^' = i*y[c^\^A,z. 

In order to show that [Z]™ is well-defined, we need to checlc that it is independent 
of the choice of quotient homomorphism V T^{Oz)- Assume that W is another 
locally free sheaf of Oz-niodules and W T^{Oz) is a quotient homomorphism. We 
let M' be the pull back defined by the square 

M' > V 



Then by making M.' a quotient sheaf of a locally free sheaf, say A^, we obtain : 
M and 4>2'-M ^W. It follows from Corollary 3.5 that 

{[C'']) = [C^] = C{cl>2r{[C'^]). 

This implies that i*y[C^] = i*M[C^] = iwi^^] ^ as required. So [Z]™ is well- 
defined. 

Refined Gysin maps play an important role in intersection theory. Given a fiber 
product square of schemes 

Wo > W 



(3.1) 



X. 



where ^ is a regular embedding of codimension d, then the refined Gysin map 

sends D G A^W to the intersection of [CoxxXa/D] with the zero section of i^Nx^/x- 
In this section, we will show that the refined Gysin map is compatible to our virtual 
cycle construction. 

Let W he a quasi-projective scheme over X and let Xq C X be a regular embedding. 
We define Wq by the Cartesian square (3.1). We assume that W (resp. Wo) admits 
a perfect tangent-obstruction complex (resp. T^^). Let C be the sheaf of normal 
bundle to Xq in X. For any affine S, r] : S ^ Wq C W and f G QJloO^, there is a 
canonical sheaf homomorphism 

'^wi'n){^) = Homosiv^'^w,^) — > {io ° rj)* C ®Os ^ 

induced by z*Txncx '^WocW^ that fits into the exact sequence 

(3.2) r^,m^) '^w{r]W) {io o r^yC ^Os ^■ 
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Definition 3.8. We say that and are compatible with the Cartesian square 
(3.1) if (3.2) extends to a long exact sequence 

of which the following holds. Let S ^ Yq ^ Y be a tuple of S-schemes described 
in Definition 1.2 and let X = XyqCY- Let rjo -.Yq — > Wq be any morphism and let 
a G T^^^{rjQ) {!) be the obstruction class to extending rjo to Y ^ Wq. Then r{o) G 
7^(?7o)(X) is the obstruction class to extending ?/o /o Y W. Secondly, assume that 
r{o) = 0. Then we have an extension, say rj-.Y ^ W . Let /3 £ (zq o rio)*C ^ be the 
canonical homomorphism {io ° rjo)* {IxqCX /T\^^x) ~^ ^ induced by rj. Then o = 5{j3). 

We make one technical assumption, which usually can be checked explicitly in ap- 
plications. Let Sa be an open covering of Wq. We assume that there are complexes of 
locally free sheaves and J^^ of -modules fitting into the exact sequence 

^ [0 ^ ilC ®w, Os^ ^S'o^^K^^ 

such that Tg^ = !)•(£■•), Tg^ = and the long exact sequence of sheaf cohomolo- 

gies 

is the exact sequence given in the above definition. We assume that there are sheaves 
£2 and T2 of Owo'^'odvles so that £01,2 and !Fct,2 are restrictions of £2 and !F2 to So. 
respectively. Also, over Saf^Sj^, there are isomorphisms of £"* and £"* and isomorphisms 
of JT* and so that the induced isomorphisms on their sheaf cohomologies are the 
identity maps. Finally, we assume that J^2 can be extended to a sheaf of Oiy-modules, 
say T2, so that T2 T^^{Owo) extends to a quotient homomorphism T2 — > T^ifDw)- 

Proposition 3.9. Let Wq CW be defined by the square (3.1) such that their tangent- 
obstruction complexes and are compatible. Assume further that the technical 
conditions stated above are satisfied. Let [VFq]^"^ o-'nd [W]^^'' be the virtual cycles ofT^^ 
and respectively. Then 

This identity is essentially a statement about associativity of refined Gysin maps. As 
usual, we will transform this problem to a problem about the commutativity of Gysin 
maps and then apply the basic Lemma in [Vi] to conclude the proof of the proposition. 
We now provide the details of the proof, which will occupy the rest of this section. 
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We first introduce some notations. Let Wq (resp. W) be the formal completion of 
Wo X Wo (resp. W x W) along its diagonal, considered as a scheme over (resp. 
W) via the first projection of the product. We denote by pwo '■ (resp. 
Pw '■ W — > W) the morphism induced by the second projection. We begin with a locally 
closed affine subscheme S C Sa- We fix the complexes £* and J-"* given before. We let 
A = r{Os), Fi = r(.F„,i ®o^^ Os), Ei = r(^„,, ®o^^ Os) and L = r(i*£ ®o^^ Os). 
By shrinking Sa if necessary, we can assume that all modules Fj, Ei and L are free 
^-modules. As before, we let M = Sym»(ii'^), which is canonically isomorphic to 
Sym*(F-'^) using E^i — Tai- We pick a relative Kuranishi family (/, if) of , 

where f & M (g)^ F2 and ip is an S'-isomorphism Spec M/ (f) ^ W Xw S. We now pick 
a relative Kuranishi family of 7"? 

We first pick a splitting cr : F2 —> £^2 of the exact sequence L ^ E2 F2. Let 

9i = (1m '8c)(/). Note that (gi) = (/), hence SpecM/(5i) is isomorphic to W Xw S. 
We denote this isomorphism by (/?. Let / = codim(Xo,X). Without loss of generality, 
we can assume that near i{S) C X the sheaf Ixocx is generated by I sections, say 
si, • • • ,si. We let si,. . . ,si G M/ (gi) be the pull backs of si, ■ ■ ■ , s; via 

SpecM/(5i) — >W Xw S^W^W^X. 

Note that (si,--- ,si) form a basis of 'Fxqcx /"^f^czx "^^^^ ^("S*)- Then (si,-- - ,s/) 
defines a homomorphism g2 ■ M/{gi). Let (/) : Spec M/ (51, ^2) — W'o Xvy^ be 

the morphism induced by (^:Spec M/(5fi) — > W x^^ 5. 



Lemma 3.10. Let r : M ®a L ^ M ®a E2 he the homomorphism induced by L ^ E2. 
Then there is a lift 52 S M (g)^ L 0/ 52 G (M/ (gi)) <Sia L such that 

g-=9i+ r{g2) £M(^aE2 and (p : SpecM/(5r) — >WoXwoS 

form a relative Kuranishi family of qiq~ ')*(^* ®Ow ^s)- 



Proof. Assume that we have found a lift h G M®aL of ^2 such that gi+T{h) mod 
and the above cf) satisfy the property in Lemma 2.5. Let J = {gi+ T{h)) C M, Jk-i = 
J + Mk and Ifc-i = J • Mi + Mk+i- We consider the epimorphism M/ Jk-i ^ Mj Ik-i 
and its kernel Jk-i/h-i- Now let O = r^{Os), let Oq = T^„(Cs) and let r:0o ^ O 
be the homomorphism given in Definition 3.8. Let (resp. oq) be the obstruction class 
to extending 

= flspecM/Jk-i ■ SpecM/Jfe_i — Xw S 

to SpecM/7fe_i — >■ W Xw S (resp. to SpecM/Ik-i Wq Xwq S). Since the obstruc- 
tions are compatible, we have that r{oo) = 0. Now let gi and f{h) be the residue 
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classes of gi and r(/i) in {Jk-i/ Ik-i) ®a Oq, respectively. Since / is a relative Ku- 
ranishi map, we have that r{gi) = o. On the other hand, we know that ipk extends 
to SpecM/(Ifc_i + (/)) W X\Y S. It follows that the residue class of T{h) in 
[Jk-i/ {Ik-i + (/))) '^A Oq, which also is the residue class of g2, is the obstruction class 
to extending ipk to 

SpecM/(4_i + (/)) -^WoXw, S. 
Therefore (^i + d-{h)) — oq belongs to 

Ker{(Jfc_i/4_i) ®A Oo — > {Jk-i/h-i) ®aO® [Jk-i/ih-i + (/))) ®a Co}- 

This proves that there is an € (/) <8>a L so that gi + r(/i + e^) mod M^+i satisfies 
the property in Lemma 2.5. It follows from the proof of Lemma 2.5 that we can choose 
efc to be in ((/) fl M^) ®a L. Hence an induction on k shows that there is a lift 
g2 ^ M (S)A L such that g := gi + T{g2) G M E2 and <j) = flspec M/{g) is a relative 
Kuranishi family of T^^^^^s/S = ®^^o ^s)- □ 

Now let Z = SpecM and let Z{g) = Spec M/{g) C Z. Then Z is a scheme over 
S, thus a scheme over Wq. Let Vi = Vect(£) Z, V = Vect(£^2) Xwo ^ ^iid 
V2 = Vect(jr2) Xyir^ Z. Thcu Vi is a subbundle of V and V2 is the quotient vector 
bundle V/Vi. Let Cz(g)/z be the normal cone to Z{g) in Z. The cone Cz{g)/z is 
canonically embedded in V Xz Z{g). We let 

DiiS) = Cz/igyzXzS CV XzS. 

It follows from Lemma 3.1 that for the affine covering Sa of Wo, the collection {Di{Sa)} 
patches together to form a cone Di in V. By Definition 3.7, if we let 771 : Wo ^ V be 
the zero section. 

Next, we consider the subscheme Z{f) = SpecM/(/) C Z and the normal cone 
C2 = Cz{f)/z, which is naturally a subcone of 1^2 Xz Z{f)- We let C2 ^ X be the 
morphism induced by 

V2 Xz Z{f)^Z{f) = W xw S^W^W^X. 
The normal cone C'c2XxXo/C2 is canonically a subcone in 

{V2 Xz (W xw S)) Xz {Vi Xz (Wo Xwo S)) = (Fi Xz V2) Xz {Wo Xw, S). 
We set 

D2{S) = CC2XXX0/C2 ^WoXwoS ^■ 
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For the same reason, the cohection {D2{Sa)} patch together to form a cone D2 C 
Vect(/:) 

Xwo Vect(^2)- We claim that 



where r/2 : Wq ViXw^ V2 is the zero section. By our technical assumption, ^2 extends 
to ^2 so that T2 T'^TwoiOwo) extends to T2 T^iOw)- Let U G Z*Vect(:F2) 
be the virtual cone cycle of provided by Lemma 3.1 and Corollary 3.5. Then the 
normal cone cycle [Cj^-^^Xo/m] is canonically a cone cycle in \eci{C) Vect(jF2). It 
follows from [Vi, p643] that ^*[VK]^"' = ??2 [C'a/'xxXo/a/']- However, by using Lemma 3.1 
and Corollary 3.6, we have that [Cj^^^Xo/m] = [^2]- Therefore, = ??2[D2]- 

It remains to show that r/^^fDi] ~rat ?72[-D2]- Our strategy is to transform it into 
a problem about commutativity of Gysin maps and then apply work in [Vi]. Let 
pi :Vi V and p2 ■ V ^ V2 he the embedding and the quotient vector bundle 
morphisms, and let Ivi X p:Vi ^ Vi Xz V he the product morphism. Let F be the 
graph of the relative Kuranishi map g € M ig)^ E2 and let Oy. be the scheme of the 
0-section of Vi . We set 

Y = ViXzT, Xi = {Iv^ X pi){Vi) Xv^xzyY and X2 = {Oy^ Xz V) xy^xzV Y. 

The scheme y is a subscheme ofViXzV and Xi and X2 are subschemes of Y. Clearly, 
Xi "^W xw S, X2 = r and Xi Xy,xzV^2 = F Xy Oy. It follows that the normal cone 
Cx^/Y is Vi F, a cone over X2. Now let Bi{S) be the normal cone to Cx^/y xy Xi 
in Cx2/Y- Since Cx-^iy Xy Xi is Vi (F Xy Oy), the scheme Bi{S) is the pull back 
of C'rxvOv/r C F under 

(Fi Xz V) Xz {Wo xwo S)^Vxz {Wo x^, S). 

Let Bi{S) = Bi{S) Xz S. Then Bi{Sa) patch together to form a cone 

Bi c Vect(£) Xwo yect{£2). 

The cone Bi is the pull back of Di c Vect(£^2) via Vect(i2) Xwo Vect(£'2) Vect(£'2). 
Hence if we let rjo be the zero section of Vect(£) x^^o Vect(£^2), then ??o[-^i] = ^1 Pi]- 

Next, we let 62(6') be the normal cone to Cx^^/y Xy X2 in Cx^^/y- The cone B2{S) 
is canonically a subcone of (Vi Xz V) Xz {Wo Xwo S). We claim that 



C'[W]™ = r72*[D2], 



B2{S) 



CC2XXX0/C2 



(Fi XzV) Xz{Wo XwoS) 



^ {Vi Xz V2) Xz {Wo Xwo S) 
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is a fiber square. Wc first look at Cx^jv- Let h : V\ Xz V ^ V\ Xz V he the 
isomorphism defined by /i(a, = (a,b — pi(a)). Then /i|(iv^ xpi)(yi) is an isomorphism 
between (ly-^ x pi)(Vi) and Vi xz Oy. Further, under ly^ x p2:Vi Xz V ^ Vi Xz V2, 
h{Y) is isomorphic to Fi Xz (Oyg Xy^ F/). Therefore, the subcone Cxi/y of 

xpi)(Vi)/yixzV '^ViXzV2 Xi = V Xz Xi 
fits into the Cartesian square 

Cxi/Y C2 

V Xz Xi ^ V2 Xz {W xw S) 

(Note that Xi is canonically isomorphic to W Xw S). ^Prom this description, we 
immediately see that C'xi/r Xy X2 fits into the Cartesian square 

Cxi/Y Xy X2 > CC2XXX0/C2 {Wo Xwo S) 

{Vi Xz V) Xz {Wo Xwo S) . {Vi Xz V2) Xz {Wo Xw, S). 

This proves the claim. Finally, we let -62(6') = B2{S) Xz S. For the same reason, 
B2{Sa) patch together to form a cone B2 C Yect{C) X\y„ Vect(£^2)- ^From the local 
description, we see that [B2] is the pull back of [D2] G Z*(Vect(£) Xwo Vect(J^2))- 
Therefore ^'[VF]™ = ?7o[B2]. 

It remains to show that [Bi] ^^at [^2]- We will apply the basic Lemma in [Vi] to 
construct a cycle [R] € Z^{A^ x Vect(>C) Xwo Vect(f2)) such that 

(3.3) [R] n [tt-Uo)] - [R] n [n-Ul)] = [B,] - [B2]. 

The main conclusion of the basic Lemma in [Vi] is as follows. Let Y be any reduced 
and equidimensional scheme and let Xi,X2 C F be closed subschemes. Let Di be the 
normal cone to Cxi/y Xy X2 in Cxi/y and let D2 be the normal cone to Cxa/y Xy Xi 
in Cxa/y, both arc canonically embedded in Cx^/y Xy Cx^jY- Then there is a cycle 
\B\ G Z^{A^ X Cx^jY Xy Cx^/y) such that 

[R] n kxUo)] - [R] n [tt^Ui)] = [^i] - [^2]. 

Further, R is canonical under etale base change. The reason that we can not apply this 
result directly to our choice of Xi , X2 C F is that the the ambient scheme Y in our 
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situation, which is F F, may not be equidimensional. However, because of Lemma 
3.3, we will argue that the basic Lemma still apply. 

We let 5 = ^Q, be one of the open sets in the covering of Wo and let Ti , • • • ,Ti be 
the irreducible components of S (with reduced scheme structure). We fix one of these 
components, denoted by T. T C Wq is a locally closed affine subscheme. We then form 
cycles Bi (T) and B2 (T) . Because the corresponding Y in constructing Bi (T) , which is 
{V Xz Xz {Z Xs T), is reduced and equidimensional, the basic Lemma provides us 
a cycle 

7^(^) G Z,{A^ x{ViXzV)xz T)) 

such that 

[7^(^)] n [T^-lm - [7^(^)] n [7:-l{i)] = [b,{t)] - [B^iT)]. 



We need to show that the collection {7l{Ta)} provides us a global cycle [R] as 
required. For this, we need a comparison Lemma similar to Lemma 3.3. Let q E S he 
any closed point, let Zq be Z Xs{q}, let Z be the formal completion of Z along Zg and 
let q be the formal completion of S along q. Note that q is canonically a subscheme 
of Zq. For i = 1,2 or 0, we let Vi be the formal completion of Xz Z along its zero 
section Oy. Xz Z. 



Sublemma. There is a morphism (p : Z Zq and there are isomorphisms ^i'.Vi ^ 
{Vi X 2 Zq) XZq Z , where i = 1,2 and 0, of which the foUowings hold. 

(1) Let L : q ^ Z be the inclusion induced by q S ^ Z. Then the restriction 
of if to L{q) factor through the subscheme q Zq and the factored morphism 
''{4) q is the identity map between q = i{q) and qd Zq. 

(2) Fori = 1,2 and 0, <^i(Oy.) = (Oy. Zq) Xz^Z and the restrictions of to 
Vi X 2 Zq are the identity morphisms ofVi X ^ Zq. 

(3) We have the commutative diagrams 



(Fi x^Zq) xz^Z 



V 



{VX^Zq, 



Vo 



-> {V2X^Zq)XzJ, 



where the lower sequence is induced by Vi V V2 ■ 
(4) </)(Fg Xz Z) = (Fg Xz Zq) Xz^ Z and (t>2{T f Xz Z) = (F/ Xz Zq) Xz, Z. 



Proof. The proof is similar to the proof of Lemma 3.3. The only modification is to 
make sure that the morphisms pi and p2, and the schemes Tg and Fj are compatible. 
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This can be done easily following the argument used to construct the relative Kuranishi 
families of from T^. We will omit the details. □ 

Now if we view q G Wq as an affine subscheme, we obtain the schemes Bi{q) and 
B2{q), and the cycle 'R-{q). Assume that q eT^. Let Tj be the formal completion of Tj 
along q. Then the fiat morphism 

x^V) xsfi (Vi x^y)*-^*((yi x^V) x^Zq) xzJ^lVi x^V) x^Z^ 

induces isomorphisms between respective Xi, X2 and Y in the construction of Bj{Ti) 
and Bj{q). Let 

hr:A^x{ViXzV)xsfi^A^x {V^ XzV)xz Z^, 
where hi is induced hy Ti C Z Zq, and let 

h2:A^x (Vi XzV)xsfi^A^x{ViXzV)xs 
be the obvious morphism. Note that both are flat. We claim that 

(3.4) /it(7^(g)) = /l^(7^(^,)). 

This is not exactly what was proved in [Vi], since 

H:{Vi x^V) xsfi^iVi x^V) XsZ^{Vi x^V) x^Z^ 

is not etale. However, it is clear that H is of the form tf ^ U\ x U2 ^^C/i, where 
Ui and U2 are two reduced, irreducible formal complete schemes each supported at a 
single closed point and U is the formal completion of Ui x U2 along its closed point. A 
step by step check of the proof of the basic Lemma in [Vi] shows that the isomorphism 
(3.4) does hold. 

It is clear now how to construct the cycle 7^(5) G Z^,{A^ x (Vi XzV) Xz S). We 
let the support of TZ{S) be the union of Supp(72.(rj)). Because of the identity (3.4), 
7^(5") with reduced scheme structure is an equidimensional closed subscheme. Now we 
assign multiplicity to each irreducible component of TZ{S). Let p € T^{S) be a general 
point of one of its irreducible component, say C. Let q^ She the closed point under p. 
We assume q ^ Tj. The component C corresponds to a unique irreducible component 
C in TZ{Tj) and a unique irreducible component Cq in TZ{q), by (3.4). Let rric be 
the multiplicity of Co in TZ{q). Since Tj is reduced and irreducible, mc is also the 
multiplicity of C in Tl{Tj). We assign mc to be the multiplicity of C in TZ{S). Such 
an assignment is well-defined. 

37 



Remark. The cycle 1^(3) has the property that for any closed point q E: S, the flat 
pull back hl{TZ{S)) is isomorphic to the flat pull back hl{TZ{q)), where 

hs : (A^ X Vect(>C) Vect(£^2)) >^Wo Q — ^ x Vect(>C) Xwo Vcct(£^2)- 

Of course, if such a TZiS) exists, it is unique. The construction using the relative 
Kuranishi families is to ensure that 1^(8) exists. 

Finally, it follows from the etale base change property that 7^(5'„) patch together to 
form a cycle 

[R] G Z,{A^ XkVect{C) Vect(f2)). 

Because 7^((/) provides a rational equivalence of and [;S2(q')], R provides a 

rational equivalence of [Bi] and [B2]. Therefore, CiWY'"" = [Wq]™. This completes 
the proof of the proposition. 

4. Gromov-Witten Invariants of smooth varieties 

Let X be a smooth projective variety, n, g integers, and a € AiX/ ~aig- The 
GW-invariants are defined by taking intersections on the moduli space of stable maps 
from n-pointed genus g curves to X such that their image cycles are in a. We denote 
this moduli space by A4a,g,n- When A4a.g,n the expected dimension, then the 
GW-invariants can be defined as usual. However, this rarely happens. Thus we need 
to use the virtual moduli cycles to define these invariants. 

Let S be an affine scheme and let r] G ■Sa,g,ni'^) an element represented by 
the morphism f : X — > X, where X is a curve over S with marked sections D C X 
understood. Then the standard choice of the tangent-obstruction complex of da,g,n 

T'Sa,g,ni^m = [S xf;, / s {if* ^ X ^ fi;, / siD)], ^S^)] , 

where T G QJloO^ and tts-X ^ S is the projection. We now show that there are com- 
plexes of locally free sheaves over da,g,n ^^^^ their sheaf cohomologies are T*^^ g^. 

We fix a sufficiently ample invertible sheaf £ on X and then form the exact sequence 

> W2 ^ Wi > r^x ^ , 

where Wi fs^x is the natural surjective homomorphism 
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We then form complexes 



A; = [m^O] and B; = [W,^n;,/s{D)] 

indexed at —1 and with Wi Qx/siD) the composite Wi f *^x ^x/s{D). 
Let C' = [f*^x ^x/s(,D)]. Then we have an exact sequence of complexes 

> a; > b; > c; > o, 

and hence a long exact sequence of sheaf cohomologies 

Since £, is sufficiently ample, £xt't^,^g{B',Ox) and £xt't^^g{A',Ox) vanish for i 7^ 1. 
Hence 

(4.1) Sr,,i=£xt],/sil3'r,,0;,) and £r,,2 = £xt\,/s{A;,Ox) 

are locally free and the sheaf cohomology of £* = [£n,i ^17,2] is '^*da,g.n{v)- It is 
straightforward to check that the collection {£*} satisfies the base change property in 
Definition 1.1, hence it forms a complex of sheaves over 'Sa,g,n- 

To construct the virtual moduli cycle [M-^^g^^]™ , we need to address one techni- 
cal issue, namely, ^^,9,71 does not admit universal families due to the presence of 
non-trivial automorphisms. An automorphism of a morphism / from C to X is an 
automorphism ip:C^C fixing its marked points such that ip o f = (p. Because / is 
stable, Aut(/) is finite. There are two approaches to get around this difficulty. One 
is to realize the moduli space as a quotient by a reductive group, say G. The other is 
to use the intersection theory on stacks developed in [Vi]. The former relies on con- 
structing G-equivariant data and then descending them to the quotient space. This 
can be done directly if the quotient is a good quotient. Otherwise, the etale slice of the 
group action can be used to study the descent problem. This approach allows one to 
work with Pulton's operational cohomology theory of M^^g^n^ rather than the parallel 
theory on the moduli stack of da,g,n- 

^Prom [Al] , there is a quasi-projective scheme Q and a reductive group G acting on 
Q such that M.a,g,n categorical quotient of Q by G. Over Q, there is a universal 

family 

acted on by G. For any closed point € Q, the stabilizer C G of is naturally 
the automorphism group of : Dyj C — X. Now by using this family we can 
construct the complex S* £* in (4-1), after fixing a very ample invertible sheaf 
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C By our construction, T^^^g^Jyi) = f)*(f). Further, both £• and T*S^g^^{^) are 
canonically G-hnearized and the identity is G-equi variant. 

We now construct the virtual cycle [Ma^g^n]™ with the complex £* provided. Let 
z E ■M-a,g,n any closed point and w G tt~^{z), where vr : Q ^a,g.n the quotient 
projection. Let be the stabilizer of w. By combining an argument in [Ko2] and 
the construction of [Al], we can find a G^jj-invariant slice S C Q containing w such 
that S/Gyj is an etale neighborhood of z e M.a,g,n- £ ■Sa,g,ni'^) be the object 

associated to the restriction of F : X ^ X to fibers over S. Clearly, T*^-^ ^ niCs) is 
a tangent-obstruction complex of S and £* = £* ®Oq is the complex whose sheaf 
cohomology if T*'^^g ,^{^s)- Therefore, by applying the construction in the previous 
sections, we obtain a canonical cone 

C^' C Vect(%2) = Vect(£:2) xqS. 

Let C^' /Gu, C Vect(£^2) Xq S/G^ be their quotients. Assume that T is another Gw- 
invariant slice passing through w' € such that T/ G^ is an etale neighborhood of z, 
then we obtain the cones G^* C Vect(£'2) Xq T and their quotients by G^. Since £* 
is G-linearized, by Lemma 3.2, the pull-back of these schemes to S/G^ Xm^ T/G^ 
from S/Gw and T/G^ are naturally isomorphic. Hence the collection Vcct(£^2) XqS/Gw 
descends to a scheme Vcct;v< {£2) over M^g ^^, and the collection G^s / descends to a 
scheme G^ which is a subscheme of Vectx (£^2)- Note that YectM{£2) is not necessarily 
a vector bundle. We will call Vect;v((£^2) the Q-descent of the vector bundle Vect(£^2)- 

Similar to the ordinary case, we define the virtual moduli cycle [A1a,g,n]^" to be 

s*[Cf:,] e A^M^^gJ ®zQ, 

where ,j „ —>■ Vect;\4(6'2) is the zero section and s* is the Gysin map. Note that 

s* is well-defined. One way of seeing it is by using the description of Gysin maps in 
terms of Chern classes [Fu, §6.1]. This way, to define s*, we suffice to define the Chern 
classes of Q-desccnts of vector bundles (i.e. V- vector bundles), which are known to 
exist with rational coefficients. 

Lemma 4.1. The cycle [M^ g ^j^" is independent of the choice of the complex £' 
making T'^^^g^„{0 = i)'{S')." 

Proof. We will apply Corollary 3.5 to prove the invariance. Clearly, by the proof of 
Corollary 3.5 and the above construction, it suffices to show that if = [Ti —i- T2\ 
is another complex of G-linearized locally free sheaves such that ^*S^a,g,n(0 = 
and that the identity is G-equivariant, then there is a G-linearized locally free sheaf of 
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OQ-modules K. and surjective G-linearized sheaf homomorphisms K, ^ £2 and K. ^ 
such that 

/C > £2 

b 

is commutative. We first let /Co be the pull-back of {a,b), where a and b are shown 
in the above square. Then /Co is canonically G-linearized. It remains to find a G- 
linearized locally free sheaf /C so that /Co is a G-quotient sheaf of JC. Let L be an ample 
G-linearized line bundle on Q. Such an L exists following [Al]. Let if E Q be any 
closed point and its G-orbit, which is closed. Using locally free sheaves £2 and J-2, 
we can find a G-equivariant surjective homomorphism 

r/^ 1^2 e^2 — ^/Co«)Oo». 

Since Gyj is finite, for some power L®"™, the G^y-action on L®"™ (8) k{w) is trivial. 
Because Q is quasi-projective and L is ample, for some large m, the homomorphism 

v'y, ■■ {£2 e ^2) ® ^ /Co Oo^ 

induced by rjw, which is still surjective and G-equivalent, lifts to a global homomorphism 

r? : (^2 © J^2) ® ^ /Co . 

Then applying the Reynolds operator, we can assume that r] is also G-equivariant 
and its restriction to Ow is rj'^. Since Q is quasi-projective, a finite sum of sheaves 
of this type gives us the desired G-equivariant surjective homomorphism /C ^ /Co- 
Therefore, by Corollary 3.5, if we let Vect_vi(/C) be the Q-descent of the vector bundle 
Vect(/C) and let ^1 : Vect_A4(/C) Vect_A4(^2) and 02 : Vect_A4(/C) YectM{^2) be the 
induced morphisms between the vector bundles, then [G^] = <^2['^m ]• Therefore, 
[Aljg is independent of the choice of the complex £'. □ 

In the remainder of this paper, we will define the GW-invariants of any smooth pro- 
jective variety and prove some of its basic properties. ^Prom now on, unless otherwise 
is mentioned we will only consider homology theory with rational coefficients. We will 
denote the (operational) cohomology and homology by A* and respectively. When 
the varieties are over complex numbers, sometimes we will use the singular homology 
theory, which we will denote by iJ*. We now give the definition of GW-invariants of 
any smooth projective variety X. We fix the a G AiX/ ~aig and the integers g and n 
as before so that 2g + n > 3. Let 
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be the virtual moduli cycle. By using the Riemann-Roch theorem, it is a purely 
(3 — dimX){g — 1) + n + a • ci(X) dimensional cycle. Let vr" : Ma,g,n ~^ '^9,n be 
the stable contraction morphism. The k-th marked points in curves naturally induces 
an evaluation morphism : Al^g „ — >■ X. We let ev : M^^g ^ —>■ be the product 
ei X ■ • ■ X e„. Paired with the cycle [M.^g ,^]^^^, we obtain a homomorphism 

defined by 

Kg,nW,l) = {ev*m U «)*(7))([-M^,,n]^''') ■ 

Composing ^a^g^^ '^i*^ ^he degree map ^*(A^J,g,„) — > ^o(A^J,g,„) Q, we obtain 
the GW-invariants 

<,,„:A*(X)X"xA*(>t,,„)^Q. 
If we fix a polarization H of X and an integer d, we can define the GW-invariants 

i:lg^^:A*{Xr-xA*{Mg,n)^Q 

as follows. We let ^-^^ ^ : S ^ (sets)^ be the moduli functor of stable morphisms 
defined similar to ^^gn except that the condition /*([C]) E a is replaced by the 
condition that the degree of ci{H){f^{[C])) is d. Because of [Al], ddgn coarsely 
represented by a projective scheme, denoted -M^g The previous construction works 
for this moduli functor without any change. Consequently we have the virtual moduli 
cycle [M^g which in turn defines the GW-invariants tp^^ ^. When X is a smooth 
complex projective variety, then we can use the ordinary homology theory to define 

V'^,,„:jy*(X)X"xiJ*(M,,„)^Q, 

where a G H2{X,Z), by using the image of [Ma,g,nV" in H^{Ma,g,n)- Here since 
a G H2{X, Z), the moduli functor da,g,n parameterizes all stable morphisms fiC^X 
with /*([C]) = a understood as an identity in the singular homology H2{X,Z). Note 
that if a ^ H2{X, Z) n H°'^{X, C)^, then = 0. 

The GW-invariants satisfy some basic properties. One of them is the invariance 
under deformations of X. Let ttzXt — > T be a smooth family of relatively projective 
varieties over T. For t e T we let Xt = 7r-^(t) and for (3 G ^*(Xt)''" we let /?< G 
A*{Xt)^'^ be the pull back of /3 under Xt Xt- We fix a relatively ample line bundle 
of Xt/T. 

Theorem 4.2. Let Xt/T he as before with T an irreducible smooth curve. Then for 
any d and cohomology classes (5 G A*{Xt)^'^ and^ G A*{M.g,n), the values of the 
GW-invariants (f^f g ni^t, j) ore independent ofteT. 
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When Xt/T is defined over C, we can use knowledge of i?2(^t, Z) to prove a finer 
version of the invariance theorem. Consider the analytic curve 

A := R2'k^Zxt ®t R'^'^tt^Zxt Xt ■ ■ ■ Xt R'^^tt^Zxt 

over T. Clearly any point if € A corresponds to w = (a^y,/?^) G H2{Xt,Z) x 
H*{Xt, Z)^" for some t eT. Hence for any 7 G H*{Mg,n) we can define 

: A — >Q 

that assigns w to V'^ls,„ 7) • 

Theorem 4.2'. Let X^ be defined over C as before. Assume T is a smooth connected 
curve, then for any 7 G H*{M.g^n) the function : A ^ Q is locally constant. 



Proof of Theorem Wc first form the relative moduli functor. For simplicity, we 
assume T is affine. Let Scf}^^ be the category of T-schemes and let d^^^^ ' ^'^^t ~^ 
(sets)° be the functor that sends any S G &cl)rp to the subset of ^{S) consisting of 
the isomorphism classes of f:X ^ Xt such that 



Xt 



is commutative. ^ 



Xt/T 
d,g,n 



is coarsely represented by a T-projectivc scheme A4 



Xt/T 
d,g,n 



[Al]. 



Let M.^ — > T be the obvious morphism. Then we have the Cartesian square 



M 



Xt/T 
d,g,n 



T. 



Following the principle of conservation of number [Fu, section 10.2], to prove the the- 
orem it suffices to show that 



Xt/T-i vir 
n J 



Xt ivir 



Xt It c 

We first determine the tangent-obstruction complex of ^dg n ■ S^T he any 

affine scheme over T and ^ G d'^g^ni'^) represented hy f : X ^ X with marked 
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points D C X understood. ^Prom the discussion in Section 1, the tangent of S^^^n 

where Af G QJlot)^ and B* = [f*^XT ~^ ^x/s{D)]- We claim that the obstruction to 
deformations of / lies in the kernel of 

£xtl/s {BlOx ®Os ^) ^xtl/s Ox ®Os J^) , 

where C* = [f*7r*QT 0] and tt-.Xt T. Here the homomorphism f3 is part of the 
long exact sequence of cohomologics induced from the short exact sequence 

^ C| ^ H| ^ ^1 ^ 

induced by 'it*^t — »• ~^ ^Xt/t- Here A' is the complex [f*^XT/T ^ ^x/s{D)] ■ 
Indeed, let S* — > Iq ~^ ^ be a tuple of S'-schemes described in Definition 1.2 with 
IyoCY — A/" and let fo'-^o ~^ with marked points Dq C -^o be a family of stable 
morphisms over Yq. Let D C A:" be an extension of Dq C and let o be the obstruction 
to extending /o to / over Y. Then using the description of o in Section 1 we see 
immediately that (3{o) is the image of 

in Ext^(C|,7rJAr), which is zero. We denote the kernel of /3 by T'^'^^^g^J {C){J^- 
'^'ddg^n *be tangent-obstruction complex of d^^^n ■ assume S-^T factor 

through {t} C T. Then for J\f G SJloOg we have the exact sequence 

(4.2) T'^tJ^W) r^^Z'Iim) 0. 



Also, from the description of the obstruction classes in section 1, we see immediately 
that the obstruction classes are compatible in the sense of Definition 3.8. 

To prove the theorem, we need to choose complexes so that they satisfy the technical 
condition of Proposition 3.9. We fix a sufficiently ample invertible sheaf C on X^. 
We first let H* (resp. K,*) be the complex constructed in (4.1) with f*Qx replaced 
by f*^Xt (resp. f*UxT)- We let G* be the complex in (4.1) with f*il,x replaced 
by f*Oxt and with Qx{D) replaced by 0. Clear, they fit into the exact sequence 
^ n* ^ IC* ^ g* ^ 0. Now let £• =n* e [Os^Os], let be the kernel of 
IC^ ^ g^ and be the kernel of /C^ ^ g^. Note that i)^{g') = Os- We pick a 

homomorphism Os so that Os T\ ^ ^)^(^*) is the identity homomorphism, 
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we pick a homomorphism Og — > Ti-^ so that the induced homomorphism Os 
is the middle arrow in (4.2) and pick Os —>■ be so that 

— ^[O^Os] — ^S' — ^ JP* ^ 

is exact. Hence its long exact sequence of the sheaf cohomologies is exactly the sequence 
(4.2), and hence the tangent-obstruction complex of d^g^n satisfies the technical con- 
dition of Proposition 3.9. 

Lastly, we need to modify the proof of Proposition 3.9 to accommodate the fact that 
•^dgn universal family, as we did in constructing the virtual moduli cycle. We 

will omit the details here since it is a repetition of the previous argument. Note that 
A^^^^ is a categorical quotient by a reductive group and the cones constructed in the 
proof of Proposition 3.9 are all canonical under etale base change. This completes the 
proof of Theorem 4.2. □ 

Proof of Theorem ' . We still assume T is affine. Let i? be a connected component 
of i?27r*ZxT- -R is a smooth analytic curve etale over T. Let = Xt Xt R and 
let a: R ^ i?27r*Zxfl be the section induced by the component R. Note that a{s) G 
H2iXs,Z) for s e R. Note also that under H2{Xs,Z) H2{Xr,'L) aU a{s) have 
identical images. We let G H2{Xji,7i) be their common images. Let Hf> be the 
pull back of the relatively ample line bundle on Xt/T. Then a{s) ■ Ci{Hb) G Z is 
independent of s. We denote it by d. Clearly, for any t ^ T the disjoint union of 
Ai'^f X for all s G ii over t is an open and closed subscheme of Ai^* . Since 

a(s),g,n ^ d,g,n 

•^dg n ^® projective, this is possible either R ^ S is finite or the set of s G i? of 
which M'^f 7^ is discrete. We first look into the second situation. ;From the 

a(s),g,n ' " <-> 

construction of virtual cycle, it is clear that if V C Ai^ g n ^ connected component, 
then using the induced tangent-obstruction complex of V we can construct the virtual 
cycle [y]"^". It follows from the proof of Theorem 4.2 that for any connected component 
V of A^^^^ and immersion r\t : {t} ^ T we have the identity [Vj]™ = r^ifT^]^^"^, 
where Vt = V Xt {t}. Since M'^'^^J consists of fibers over a discrete point set of T, 
VtiVV" ~rat for all t G T. Hence [M^^^^^gJ"" = for ah s (£ R. As to the first 
situation, since i? — > S* is finite, R is algebraic. Hence Theorem 4.2 implies that for any 
seR, [M^^^^^gJ"" = miMao^'/gl^V" ■ Theorem 4.2' then follows from the principle of 
conservation of number. This proves Theorem 4.2'. □ 

The Gromov-Witten invariants are expected to satisfy a set of relations, as explained 
in [KM, RTl, 2]. We state these relations in terms of the virtual moduli cycles. We 
will provide their proofs except the composition law, which will be proved in the next 
section. 
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We first recall the contraction transformation. For n > 1 we let „_i be 



a.g,n ^Q:.g,n — 1 

the transformation that sends any family f '.A! X over S in ^ag ni'^) ^° family 
f : X' X, where X' is the curve over S obtained by forgetting the ra-th labeled 
section of X and then stable contracting the resulting |p — l)-pointed curve relative 
to / and /' is the unique morphism so that X X' — > X is X X. We let 7r„ : 
■^a,g,n ~^ ■^a.g,n-i bc the iuduccd morphism. Similarly, we let Pn--Mg,n •A4g,n-i 
be the morphism induced by forgetting the last sections. 

Theorem 4.3. The virtual moduli cycle [A^J,g,„]™ satisfies the following properties: 

(1) [M^gJ''" e AkM^^g^^ wherek={3-dimX){g-l)+n + a-c,iX). 

(2) Let a G Sn be any permutation of n elements and let (j)^ : Ma,g,n ~^ ■^a,g.n 
be the morphism induced by permuting the n marked points of the domains of 
f e M^^g^^. Then 4>a is an isomorphism and ^cr*[AtJ,g,„]™ = [M^g J™. 

(3) The morphism TTn '■ M-^gn •^a,g,n-i aflat morphism of relative dimension 
1. Further 

(4) Let P G A^X and en'-M.a,g,n —>■ X be the n-th evaluation morphism. Then 

^n*(e:/3 • [M^,g,nri = deg{a ■ P) ■ 

(5) Composition law (See the statement and the proof in the next section). 

We remark that what is known as the fundamental class axiom is a direct con- 
sequence of (3) of the theorem. Let ^„ : M^^g^^ ~^ ^ •^9,n be the product of 
ev : Ma^g^n ~^ -^^ ^'^d projection tt" : Ma,g,n ~^ ■M.g^n- Then another way to 
describe the GW-invariants is by the homomorphism 

llg^^:A*{Xr-^A.Mg,n 

defined by L^g .^{i3) = T^2*{'^i{(3)iC*[^a,g,nV")) i where tti and 7r2 are the first and the 
second projections of X"- x A1g,„. The fundamental class axiom claims that for n > 1 
and 2g + n> 4, and for any P G A* {X)^'^~^ , we have 

(4.3) Ia,g,niPx^x)=P*J^,g,n-m, 

where Ix G A^{X) is the identity element. We now show that (3) implies (4.3). 
Consider the commutative diagram 

M^g^^ X Mg,r. 



■'^'■a,g,n-l ^ ^ ^ ■'^'■g,m 
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where 1 : is the identity map and ^ is the product of the first n — 

1 evaluation morphisms and the projection A4a.g,n ~^ ■M.g,n- Using the projection 
formula and the property of cohomology classes [Fu, Definition 17.1], it is direct to 
check that (4.3) follows from the identity 

(4.4) (1 X Vnrin-U[Ml^,n-lYn = ([A^^, ,,n]™) ■ 

In light of (3) of the theorem, to prove (4.4) it suffices to show that for any irreducible 
variety ycAl^^g^„_i, 

(4.5) iKm) = (1 X PnTin-Um) e Z,{X^-^ X Mg,n). 

Note that the above square is not necessary a fiber square. We now prove (4.5). 
Clearly, '^(7r~^(y)) = (1 x p„)~^(,^„_i(y)) as sets. Hence we suffice to show that for 
any irreducible component W C 7r~^(y) such that dimW^ = dim^(W^), the coefficient 
of [|(T^)] in |*7r*([y]) is identical to its coefficient in (1 x Pn)* £,n-i*{\Y]) ■ Let W C 
7r~^(y) be any irreducible component such that dimly = dim^(iy). Let w W he 
a general point associated to the stable map /o : Cq X with the marked points 
xi,--- ,Xn € Co- Let £"0 be the irreducible component of Co that contains Let 
(Co, x\, - ■ ■ , Xn-\) be the stable contraction of (Co, «i, • • • , Xn-i)- Let Eq c Co be the 
image of Eq. Since dimly = dim^(W), the map Eq Eq is generically one-to-one. 
Let Xn G Eq be the image of x„. 

Now let w' = 7r„(u;), z = tt!^{w) and z' = Pn{z){= Tr^_i{w')), and let G be the 
automorphism group of (Co, a^i, • • • , in-i)- We claim that there are G-schemes U, U', 
V and V and a G-equivariant fiber square 



(4.6) 



U 



V 



U' 



v 



such that their quotients by G are etale neighborhoods of to G 



z G Mg^n and z' E Mg,n 



X 

a,g,ni 



w' e M 



X 

a,g,n- 



-1) 



1, respectively, and that the induced morphisms shown in 
the following makes the square (4.6) compatible to the middle square in 



^ •' '■a,g,n 



^ Mg,n 



V 



U' 



Mg,n-1 ^ 
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Indeed, we can find a desired G-scheme V such that there is a tautological family 
{D' C C'} G dg,n-i{V), where dg.n-i is the moduli functor of stable (n — l)-pointed 
curves of genus g. Then V can be chosen as an open subset of the total space of 
C that contains 5„ G Cq- By shrinking V and V if necessary, we can assume that 
V ^ V is smooth with connected fibers. As to U', we can choose it so that in 
addition to U'/G being an etale neighborhood of w' there is a tautological family 
{f : D C C ^ X} G ■Sa,g,n-i{^') which the following holds. First, there is an 
isomorphism, denoted by ip, between the stable contraction of {D c C} with the pull 
back of {D' C C'} under U' V; Secondly, for any point s e V wc let {D'^ C C'J 
be the fiber of {D' C C'} over s and let be the set of isomorphism classes of 
pairs (a, 6), where a = {ip : Dq c Cq ^ X} G 5^^,t,,„_i(Spec A;) such that the stable 
contraction of {Dq C Cq} is isomorphic to {D^ C C^} and b is an isomorphism between 
the contraction of {Dq C Cq} and the curve {D'g C C'g}. Then the canonical map 
l'~^{s) — > As induced by the isomorphism (p mentioned in the previous condition is 
an isomorphism. Now let U = U' Xy' V and let {f : D c C ^ X} be the pull back 
of {f : D c C X} under U ^ U' . Because Eq Eq is generically one-to-one, 
by shrinking V' , V and U' if necessary, there is a unique section £)„ : U ^ C such 
that {f : D U Dn ^ X} e da,g,niU) and the stable contraction of {D U Dn C C} is 
isomorphic to the pull back of the tautological family over V . It is direct to check 
that the induced map U/G ^ •^a,g,n makes it an etale neighborhood of w. Hence the 
choice of t/'s and V's satisfy the desired property. With this choice of U' and V, we can 
take U = U' Xv' V that satisfies the desired property. Now let W be any irreducible 
component of (1 x q)~^{£,{W)). Then with our choice of U, etc., it is clear that if we 
let X be the coefficient of [W] in (1 x g)*|*<([y]), then it is 

equal to 

= /X[^]((ixg)*(ixp„)*|,([y])), 

where ev.U ^ is the composite of C/ — »• M.a,g,n with the product of the first 

n ~ 1 evaluation morphisms, and ev' :U' X"'~^ is defined similarly. This proves the 
identity (4.5), and hence (4.6) 

Proof of Theorem 4-3. By the construction, the cycle [M.a,g,n\™ equidimensional 
cycle whose dimension is the virtual dimension of M.a,g,n- Using the Riemann-Roch 
theorem, one calculates that it is exactly the k given in the statement. This proves 
(1). Also, it is clear that for any a G 5'„, we have that (f)„ : M.a,g,n ~^ ^a,g,n 
an isomorphism of schemes. Since the tangent-obstruction complex of ^a,g,n does not 
depend on the ordering of the marked sections, the virtual moduli cycle will be invariant 
under ^g.*. This proves (2). Next, we prove statement (4) assuming property (3). Since 
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X is smooth, (3 E is the Chern class of a hne bundle. By applying the projection 
formula to the flat morphism 7r„, we obtain 



Because 7r„ is flat of relative dimension 1, 7r^*(e*/3) = deg(a • /?) • 1, where 1 G 
A^M'^^g ,^_i is the identity element. This proves (4). 

Now we prove property (3). Let G be the reductive group and Q be the G-scheme 
mentioned before so that ■M.a,g,n-i the categorical quotient of Q. Let C be the 
universal curve over Q. Then C — > Q is flat of relative dimension 1. It follows from 
the universal property of Q that G acts canonically on C and Ma,g,n the categorical 
quotient of the total scheme of C, denoted P, by G. Let vr^ : Ma,g,n ~^ ^a,g,n-i 
be the induced morphism. vr^ is the morphism described in the statement (3) of the 
theorem. Now we argue that 7rn(= tt^) is flat of relative dimension 1. It is obvious that 
TTn has relative dimension 1. Now let u; G Q be any closed point and let G^; C G be the 
stabilizer of w. Then there is a G^-invariant slice U ^ Q such that U /G^ ^ag n-i 
is an etale neighborhood. It follows that C xqU/ Gw is an etalc neighborhood M.a,g,n 
and the projection C Xq U/G^ — > U/Gyj is compatible to the projection Aljg ,j 
M.a,g,n-i- Therefore 7r„ will be flat if we can show that C Xq U/Gyj — > U/Gyj is flat, 
which follows from the flatness of C ^ Q and that G^ is a finite group. This shows 
that 7r„ is flat. 

It remains to prove the identity in statement (3). Let f : D <Z C ^ X he the 
tautological family over V, where C C is a family of n-pointed curves over 
characterized by the following property. There is a canonical morphism 

7r:C — >CxqV 

such that the base change f -.C xqP ^ X of f with the marked divisors D XqV is 
the stable contraction of -D<„ c C, where 5<„ is the flrst (n — l)-marked sections in 

D, relative to /; The restriction of vr to is an isomorphism between Z)„ and C XqV. 
Let ^ G da,g,n-i{Q) (^sp. G -Sa,g,ni'^)) ^c the objcct Corresponding to the family 
/ (resp. /). Following the Remark after Lemma 4.1, to construct [A^ we 
suffice to find a G-linearized locally free sheaf V of Og-modules such that 

(4.7) r'di,,n-i{0iOQ) = Sxtl/Q{[rnx ^ nc/Qm,Oc) 

is a G-linearized quotient of V. As before, we pick a G-linearized locally free sheaf Wi of 
Oc-modules such that W]~^ is sufficiently ample along fibers of C ^ Q. We then pick a 
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G-equivariant quotient homomorphism Wi ^ f*^x and let W2 = kcr{Wi f*^x}- 
W2 is also locally free. It follows that (4.7) is a G-equivariant quotient sheaf of 

V := Sxt}./Q{[W2 ^ 0],Oc) = Sx4/q{W2,Oc). 

By the Remark after Lemma 4.1, there is a canonical cycle [C^] € Z^.Vect(V) so that 
the image of its Q-descent over Ma,(j,n-i under the obvious Gysin map is [M^ g . 
Now we pick a similar vector bundle over V. We set Wi = p*Wi and W2 = P*y^2-, 
where p is the composite pr2 o -k -.C ^ C y^QV ^ C. Then W2 — > Wi f*^x pulls 
back to W2 ^ Wi ^ f*^x- Let 

V := £xtl^^{[m - o],Oc) r^^l,,nmov) = sxt^^^arnx ^ J7c7p(^)]'^c) 

be the similar quotient homomorphism of sheaves. Because vr contracts at most one 
rational curve in each fiber of C over V, V is canonically isomorphic to p* V, where 
Pn ^ Q is the projection. We claim that there is a canonical homomorphism (p 
making the following diagram commutative 



(4.8) 



IrgX 



a,g,n- 



-imoQ). 



We consider the canonical exact sequences 

£xtl^^{n^/T,{D),Oc) £xt}^^^{f*nx,0^) £xtl^^{A\Oc) 

'KlSxtl,Q{nc,Q{D),Oc) 7r*^£xtl/Q{rnx,Oc) 7rl£xtl/Q{B\Oc) 

where A* = ^ ^c/vi^)] ^nd B* = ^ Oc/q(£>)]. Clearly, there are 

canonical homomorphisms 0i and 02 as indicated in the above diagram making the 
left square commutative. Because the two horizontal arrows on the right are surjective, 
there is a canonical homomorphism making the right square commutative. The 
commutativity of the diagram (4.8) follows immediately. 

Now let [C^] € Z*Vect(V) (resp. [C^] G Z*Vect(V)) be the virtual normal cone 
cycle constructed in the beginning of Section 4 associated to '^*da,g,n-iiO (resp. 
T'da,g,nii))^ and the quotient homomorphism V ^ '^^da,g,niOiOr)- Let 



$ : Vect(V) = Vect(V) Xq 7'^Vect(V) 
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be the projection. $ is flat of relative dimension 1. Now assume that 



(4.9) $*[C^] = [C\ 

Let [CXi] and [CXi] be the Q-descents of [C^^] and [C"^] to Ma,g,n-i and re- 
spectively, and let Vect^(V) and Vectx(V) be the Q-descents of Vect(V) and Vect(V) 
respectively. Then 

[CXi] ^ Vect^(V) 



[CXi] ^ Vect^(V) 

is a pull back diagram. Therefore, 

where rjy and rjv are the 0-sections of Vect(V) and Vect(V). 

We now prove the identity (4.9). We first note that there is a largest subscheme 
S C "P characterized by the property that the restriction of the contraction morphism 

contracts a P^-bundle over S. Since the image of any of these P-*^ in C must be either 
one of the marked points or one of the singular points of the curves in this family, the 
restriction of pn -V Q to S is a finite morphism. Let w V he any closed point 
over z & Q. Let C and C be the restriction of C and C to w and z respectively. We let 
ip:C ^ X and : C — > X be the corresponding morphisms, and D C C and D C C be 
the corresponding marked points, respectively. Then (/, C, D) is the stable contraction 
of {f,C,D<n) relative to /. We first consider the situation where C is isomorphic to 
C. Namely, / G P - S. Clearly 

(f>^ := (j) ^ k{w) : E^tl{[^*nx ^nciD)],Oc) =E^tl{[ip*nx ^nciD)],Oc) 

is an isomorphism. We claim that the obstruction theory to deformations of (f is 
identical to the obstruction theory to deformations of (p. Indeed, let B be any Artin 
ring with residue field k and let / C .B be an ideal annihilated by the maximal ideal 
of B. Let Bq = B/I and let (po : Do C Co ^ be a flat family over Spec So whose 
restriction to the fiber over Spec k is p. Let d be the obstruction to extending cpo to 
famihes over SpecB. Similarly, we let ipo: Dq C Cq ^ X he the stable contraction of 
ipo ■ Do,<n C Co ^ X and let o be the obstruction to extending ipo to families over 
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SpecB. By our description of the obstruction theory of ^a,g,n Section 1, 4'ijj{d) = o. 
Now let 

T,,^ = Ext^([<^*nx ^ nciD)],Og) and T,,, = E^ti,{[^*nx ^ nc{D)],Oc). 

Note that in our situation, T2^z — ^2,™ and Ti^^ is canonically a quotient vector space 
of Ti^w with dimTi^TO = dimTi^^ + 1. Let h:Ti^yj Ti^^ be the projection. Let fz G 
Sym'{Tl^)(S)kT2,z be a Kuranishi map of of u;. Then := h*{fz) G Syni»(ri^„)(8)fcr2,^ 
is a Kuranishi map of w. Now let 

z := SpecSym«(ri^J/(/,) C f := Spec Sym' (T^^ J 

and let 

w := SpecSym'{TlJ/iU) C S := SpecSym* {TlJ. 
Because the normal cones are canonical under flat base change [Vi], the normal cone 

[C^^] ■= [C^/sl e ^*(Vect(r2,^) Xfe w) 

is the pull back of 

[C^''] := [C,/^] G Z,(Vect(r2,,) z) 
under the canonical flat morphism w z. Hence, if we let [/ = 7-" — S, then 

= RU[C^]) G Z,(Vect(V) xr U), 

where i^jj : Vect(V) x-p U ^ Vect(V) is the open immersion. Since both $*([C^]) and 

[C^] are cycles of identical dimensions, to show <1>*[C^] = [C^], we suffice to show that 
no irreducible components of [C^] are contained in Vect(V) S. 

Now we consider ly G S. Let Ti^yj and T2^w be as before, and let G Sjm*{T^^)'S>k 
T2,w be a Kuranishi map of w. By the definition of Kuranishi families, there is an 
associated family 

F:X — >X and VcX 

of stable morphisms over w. We let X' over w be the resulting curve obtained by stable 
contracting C X relative to F. Let X ^ X' he the contraction morphism and let 

T, C w he (7~^(S), where g:w —>■ V is a morphism such that F is the pull back of the 
tautological family / over V. It follows that [C^] has no components supported on S 
if and only if for any w G S the cycle has no components supported over S. 

Now we prove this statement. Let z = 7Tn{w) G Q, let Ti^z and T2^z be as before 
and let fz G S'yni*{T^^^) ®fc T2^z be a Kuranishi map of z. Similarly, we let 

G-.y — >X and £cy 
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be the associated family of stable morphisms over z. It follows that there is a canonical 
isomorphism A"' {vj\ = 3^ x^ {z}. Now let r € y be the image of the 

C A" x^ {yj\ that was contracted under X ^ X' . Let f be the formal completion 
of the total scheme of y along r. It follows that f is isomorphic to w. Without loss 
of generality, we can assume that y jz can be extended to a family of nodal curves, 
say 3^, over T. In case the total space of y is smooth at r, we let T' = T and let R 
be the formal completion of y along r. Otherwise, because 3^ — > T is a flat family of 
nodal curves, by embedding T in T' = Spec Sym*(ri_2 © A;), we can assume that y/T 
extends to an y over T' so that the total space of y is smooth at r. Then we let R 
be the formal completion of y along r. It follows that w = r and dimi? = dimTi^^- 
Let p:R^T' be the induced projection. Because p is flat and f = z Xf, R, 

C^lf, x^ r = C~if^. 

However, because f = w and dim R = dim S, f = w extends to an isomorphism R = S. 
Therefore, there is an isomorphism C-^^ = C^^g. Finally, because the restriction of 

the composite w = f^z to T. etuis finite, where S is the formal completion of S 
along C~ij^, and hence C^^§, has no components supported over S. This proves 

that [C^] has no components supported over S and hence [C^] is isomorphic to the pull 
back of [C^] as subcone cycles in Vect(V). This completes the proof of the theorem. 

□ 

5. Composition laws of GW-invariants 

The goal of this section is to prove the composition laws of the GW invariants. 

Before we state and prove the theorem, let us introduce some conventions which we 
will use. In [Kn], Knudsen described various clutching morphisms, of which two are 
basic to the composition laws. We fix a partition gi +§2 = g and a partition ni +n2 = n 
once and for all. We always assume that gi, g2, ni and n2 are non-negative. Let '^g^n be 
the moduli functor of stable n-pointed genus g curves and let Mg^n be its coarse moduli 
scheme. Let S be any scheme, let G 5^g^„^+i(S') be represented by the family Ci and 
let ^2 G 'Sg2-n2+i{S) be represented by C2. We let ^ G '^g.n be the object represented 
by the family C obtained by identifying the last marked section of Ci with the first 
marked section of C2, and set its n-marked sections to be the first ni sections of Ci 
followed by the last n2 sections of C2. In this way, we obtain the so called clutching 
transformation 

T'g.n. ■ Sgi,ni + l{S) X 5g2,ni + l (5') > dg,n{S)- 

If there is no confusion, we will write C = fg.„. (Ci, C2). We denote the induced 
morphism on their moduli schemes by 

Tg.n, '■ Mgi^ni+l X Mg2,n2+1 ^ ■^g,n 
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and call it the clutching morphism. The other clutching morphism is defined as follows. 
Given ^ € dg-i,n+2iS) represented by the curve C, we obtain a new curve by identifying 
the last two marked sections of C and keep the initial n sections. The resulting curve 
is in ^g^n{S)- We denote this transformation by fg_i,„+2 and denote the morphism 
between their moduh schemes by Tg-i^n+2 '■ M.g-i^n+2 

Theorem 5.1. Let X be any smooth projective variety. Assume that Ti, f, € H*{X) 
are elements so that [A]^ = J^^^i^i'^ Kunneth decomposition of the Poincare 

dual of the class [A] , where A c X x X is the diagonal. Then 

(1) For any hi G H^{Mg^,ni+i) and /t2 e H^{Mg2,n2+i)> we have 

k 

OL'\_-\-Ol2=OL i=l 

(2) For any h G iJ*(A1g-i,„+2), we have 

k 

V'^S.nCCl,--- ,Cn,rg-l,n+2*{hy) = X! S-l."+2 (^1 ' ' ' ' > Cn, Tj , fj, /l^) . 

1=1 



We now state the composition law at the level of cycles. The numerical version above 
is a direct consequence of it. Let ff" : ^a,g,n ~^ ^g,n be the transformation that send 
any map in ni^) t° curve obtained by first forgetting the map and then stable 
contract the remainder n-pointed curve. Let vr" : M.a,g,n ~^ •^9,n be the morphism 
between the respective moduli schemes. 

Theorem 5.2. (1). Assume ni, n2 > 0. We form the fiber products 



(eni+i,ei) 



and 



X 



X xX 



a,g,n 



Mg,n, 



where X X x X is the diagonal and : M^g n ^ k-th evaluation mor- 

phism. Then there is a canonical morphism : Uai+a2=aZaia2 ~^ that is finite, 
unramified and dominant. Further, 



cxi-\-a2=ot i=l 
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(2). Let Zi and Z^ he defined by the following fiber diagrams 



X 



^ •'^'■a,g-l,n+2 



(e„+i,e„+2) and 

A 



Z. 



X xX 



Mg-l,n+2 >■ M 



9,n ■ 



Then the canonical morphism <^ :Zi Z^ is finite, unramified and dominant. Further, 



We will refer them as the first composition law and the second composition law. 

We will give a detailed proof for the first composition law in this paper. The proof 
for the second is almost identical The only diff'erence with the proof of the second 
law is that when ni,n2 > the clutching morphism rg,„, is a closed immersion while 
Tg-i^n+2 are only locally closed embeddings. Some modifications are required for these 
cases, which we will mention at the end of this section. 

We first observe that by property 4 of Theorem 4.3, the first composition law for 
Ma,g,n ^^n bc obtained from that of Ma,g,n+i- Therefore to prove the first composition 
law it suffices to prove the case when ni, n2 > 0, which we will assume from now on. 

Before we explain the strategy of the proof, let us first recall the notion of Q-schemes 
that is a straightforward generalization of Q-varieties in [Mu] . 



Definition 5.3. We define a Q-scheme to be a scheme Z with the following data. 

(1) A finite atlas of charts Zp^Z^/G^^Z, where are etale, Gp is a finite 
group acting faithfully on a quasi-projective scheme Zp and Z = ^{Impp). 

(2) For any pair of indices a and (3, there is a chart Zap with the group Gaji = Ga x 
Gfj such that there are equivariant finite etale Z^fj Z^, Z^p — > Z^ commuting 
with projection Z^, Z/3, Z^p — > X such that Im{pafi) = Im{pa) n Im{pp). 

(3) For any triple a, (5 and 7, there is a chart Z^p-y with the group Gap = Ga x 
Gp X G^ such that there are equivariant finite etale morphisms from Zap^ to 
Za, Zj3 and Z^ such that in addition to Im{papj) = Im{pa) n Im{pj3) fl Im{pj), 
the diagram 

ZaP-f Zap 

Zaj ^ Za 

and the other two obtained by permuting the indices are all commutative. 
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It is known that Ma,g,n ^ projective Q-schcmc. Let G M^g^^ be any point 
associated to the morphism f -.C ^ X and let be its automorphism group. Then 
we can find an afiine open acted on by Gp, a G/3-equivariant family G Sa,g,n{^0) 
of stable morphisms so that the classifying morphism Zfj/Gfs —>■ „ induced by 

the family is an etale neighborhood of /3 £ ■M.a,g,n- P^^^ /3', we can take 

Zj3fji = Iso^^xz^, (Trt^/j, vr|^/3/) (sec [DM, p84]). For triple (3,(3' and we can take 
Zppipii as a subscheme of Zp x Zpi x Zj^n defined similarly. One can introduce the 
notion of Q-sheaves of Oj^x ^-modules, or Q-complex, in the obvious way. A Q-sheaf 
is a collection of G^j-equivariant sheaves on Zp with isomorphism ®Ozp ^^/jfc — 
^13' ®Zi^, ^Zfjp, , satisfying the cocycle condition over the triple overlaps. Given a Q- 
locally free sheaves £ on Ma,q,m ^^"^ define the Chern class Ci{£) as a cohomological 
class with rational coefficients, mimicking the similar definition over Deligne-Mumford 
stacks. Lastly, if L is a Q-line bundle on Ma,g,n s is a section of L, by which we 
mean a collection of Sp G H^{Zp,Lp) satisfying the obvious compatibility condition 
on double overlaps, we can define the localized first Chern class, denoted ci([L,s]), 
using the normal cone construction, mimicking the construction in [Fu, §14.1]. One 
key observation, which can be checked directly, is the following. Assume that for some 
integer L®^ is a line bundle on M^^g^n- Then ci(L®'=) = k ■ ci{[L,s]). 

The strategy to prove the first composition law is quite simple, at least conceptually. 
For any partition 01+02 = o, we let rQ,^Q,2 : Za-^^a^ ■^a.g,n the clutching morphism 
that sends pairs /i : Ci X and /2 : C2 — > X to / : C X, where C = fg,„, (Ci, C2) 
and / is the obvious induced morphism. Since ni,n2 > 0, Taia2 is a closed immersion. 
We will first introduce a Q-line bundle Lq^q^ on Ma,g,n a section /aia2 such that 
the Q-subscheme defined by fa^ct2 = is the image scheme of Wa-^a2 — Taia2{Zaia2)- 
We will construct a Q-line bundle L„ on Mg,n and a section /„ so that /~"^(0) is the 
image scheme of the clutching morphism Tg^n.- The significance of these line bundles 
and sections are given in the following lemma. 

Lemma 5.4. There are isomorphism of Q-line bundles 

CKl +0:2 —Oi 

SO that under this isomorphism, we have 

faia2 ~ (^n) fn- 

ai+a2—a 

It follows that r!.„.[Mj,g,„]™ is 

Otl-\-CX2=Ot 
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In light of Proposition 3.9, the composition law will follow from 

Cl([^aiQ2 ' /aiQ2]) = [-^aia2]^"' — ^' ( [^ai ,.gi ,ni + 1 ^ "^^j ,32 ,»^2 + l]™) ' 

which will follow from establishing the compatibility of the tangent-obstruction com- 
plexes of the corresponding functors. 

We now give the details of the proof. We first recall some known facts. In this 
section, we will view ■M.a,g,n ■M.g,n as Q-moduli schemes. We let 

{{VfS,Vp/GfS,Cv0)}fSeA„ 
be an atlas of A4g,n, where are the tautological families over Vg, and let 

{iWf,,Wp/Kf,,Fw,,Cw,)}(3eA^ 

be an atlas of Ma,g,ni where Fy/^ : Cwb X are the tautological families over W/^. 
Assume that for some w G Wfj and u G Vg', Cy^, !„ is isomorphic to the stable con- 
traction (i.e. vf") of Cwp\w, then there is an ctale neighborhood {w,Wf3) ^ {w,Wf3) 
such that there is a morphism Wjs UfS' induced by the transformation vf ° , where 
the family over Wp is the pull back from Wp. Similarly, let /3i and /?2 be any two 
indices and let V'l : Vpi^ and V'2 : Wf}^ Vpi^ be the so defined morphisms. Then 

there is a canonical lifting : Wp^fi^ yp'^p'^- This follows immediately from the 
way the double overlaps are constructed. Another property we need is the following. 
Let S be any scheme and A" be a family in "^g^niS). Assume that for some s ^ S and 
u G the restriction X\s is isomorphic to the restriction Cv/^lu- Then there is an 
etale neighborhood {sq, Sq) {s, S) such that there is a morphism cp : {sq,So) — > Vp 
such that ^*Cvf} = 7r*Af and that their restrictions to sq is exactly the isomorphism 
^\s = Cvp\u given. 

We first introduce Q-line bundles on Adg^m- We fix an integer k > and let 
m = n + k. For any 

K = {hi,-- - ,hk^} C S = {n-l- ,m}, 

We let K' = {h'l, - - - , h'j^.^} be the complement of K. Here we assume that both hi and 
h'j are strictly increasing. We call K and K' a partition of S. Given any X C S, there 
is an obvious clutching transformation 

"TK" • l?gi,mi+l ^ 1^92, m2+l ^ ^g,ni 

where rrii = ni + ki. Namely, given Ci G S'gi,mi+i(S') and C2 G ^g^^m^+i^S), we let 
tk{Ci,C2) be the family obtained by identifying the last section in Ci with the first 
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section in C2, and set the m marked sections to be the union of all but the last sections 
of Ci and all but the first sections of C2. They are ordered as follows. The first n 
sections are sj;,--- ,sjj^,s|,--- ,sf^^^i, where {sj} and {sj} are sections of Ci and C2 
respectively. We then place s^^+i in /ij-th place and place s^^+j+i h'^-th place. We 
denote by d:5' ^ C the section of nodal points along which the gluing is taking place. 
We call such an nodal section decomposable nodal section, and say C is decomposable 
into families in Sg^^mi+i and dg2,m2+i along partition K U K' (or along the nodal 
section d). 

Since ni,n2 > 0, tk is a closed immersion [Kn]. The image scheme of tk is a Q- 
Cartier divisor. Let {(C//3, Up/G^, Cup)}i3eKr,^ be an atlas of Mg^m- For each /3 G A^, 
there is an /x,/3 G Ou,} such that 7/^,/? = {fK,i3 = 0} is exactly the subscheme such 
that the restriction of C[/^ to it is decomposable into families in ^gj^mi+i and 3^33,^2+1 
along partition K U K' (See [DM, p83]). If Tk,i3 = 0, we will set fK,)3 = 1- Note that 
in doing so, we might need to shrink C/g if necessary (In the following, we shall feel free 
to shrink Uf^ and make necessary adjustment whenever necessary). By the theory of 
deformation of nodal points, dfK,i3\TK,f3 is nowhere vanishing. Furthermore, over J7/3/3', 
there is an fK,pp' G ^c/^^/ ^^^^ that 

fx,/} O T^Up = fK,fSfS' ■ {fK,P' O TTUp, ) , 

where as usual we denote by 7r(7^ - Uf^fj' Ufj the projection. Clearly, {fx, (3(3'} satisfies 
the cocycle condition over the triple overlaps. Hence {fK,i3i3'} defines a Q-linc bundle, 
denoted by L^, and {/k,/}} defines a section fx of L^- By our choice of fx, (3, the 
image Q-scheme Im(rx) is defined in each C/g by the vanishing of 

We now turn our attention to the contraction transformation ttJ^ : 5g,m — > dg,n 
that sends any curve to the curve obtained by first forgetting the last A; sections of the 
curve and then stable contracting the resulting family. We denote by tt^ the morphism 
between the corresponding moduli schemes. For each /? G A^, there is an etale covering 
TTj : Aj Up olUp and P'- G A„ such that there is a morphism vr^^ ■ : Aj — > Vg/ induced 
by the transformation -n"^. For simplicity, after replacing Up hj an etale covering of 
itself and rearranging the index, we can assume that A„ = A^ = A and that the maps 
TT™^^- just mentioned are from Up to V^, denoted vrj^^ (We allow some Up or Vp to be 
empty sets). Clearly, vr^^ is G/j-equivariant, under the obvious group homomorphism 
Gp Hp. Let fn,p G Ov^ be a section whose vanishing locus defines the closed 
subscheme Tn^p C Vp, where Tn,p is the largest subscheme over which the family Cvg 
decomposes into families in Sg^^m+i and 5^c,2,n2+i- Let 

/n,/3/3' = Un,^0'n-Vg)/ifn,l3' °T^Vg,), 

where ttv^ : Vpp' Vp are the projections. {fn,/3/3'} defines a Q-line bundle L„ on 
A4g,n and {/n,/?} is a global Q-section of L„ whose vanishing locus defines the image 
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Q-scheme of the clutching morphism 



By [DM, p83], there is a nowhere vanishing G such that 

By replacing one /x,/3 by fK,f}/9j3, we can assume that = 1. Then 
(g) = «)*L„ and H = (0*(/n) • 

In the next part, for any partition ai + a2 = a we will construct the Q-line bundle 

Laia2 Oil ■^a.g,n ^^'^ ^ SCCtioU /ajaa of i^ajaa ^^^^h that /a^aa = dcfineS the image Q- 

scheme of the clutching morphism Taj^j- We fix a sufficiently large m. Let /3 G Aq, and 
let {Wi3, Kfj, , Ci4/^ ) be the chart in the atlas of Ma,g,n- Without loss of generality, 
we can assume that there are sections Sn+i,/3) ■ ' ' j ■Sm,/3 • ~^ such that Cw^ with 
these extra sections is a family of m-pointed stable curves. We fix such a choice of new 
sections for each /3 once and for all. We denote the resulting m-pointed curve by C^y^ . 
As we did before, after rearrangement we can assume that A^ = A and that for each 
/3 G A there is a morphism vr^ ^ : Wj3 Uj3 such that the pull back of Cu^ is isomorphic 
to Cwp- We fix such vr^ ^ once and for all. 

Now let /3 G A be an index. We assume that for some partition ai + 02 = 01, 
p^^(Im(r„^a2)) 7^ 0j where p/3 : Ma,g,n is the classifying map. Let u; be a 

point in this set. Then there is a unique partition K VJ K' = such that the curve 
associated to w with the extra sections is in the image of the clutching transformation 
tk- Without loss of generality, we can assume that the partitions K Li K' associated 
to u; G p^^ {imija^a^)) are independent of w. Then the subscheme 

(5.1) = {fK,p o < = Q}(lWp 

is the closed subscheme such that the restriction of the family F\y^ to Ta-^a2,p is in the 
image of the clutching transformation 

I ai_a.2 ■ v oi\,g\,n\+l '^02,92, "2+1 "a,g,n 

(Here we might need to shrink Wjs so that any element in {fK,i3 ° '^m fi — ^} '^^ ^^^^ 
the image of r^^a^)- We let fa^oc2,f3 = Ikjj ° Ki.p- case p^^(Im(r„j„J) = 0, we set 
/aia2,/3 = 1- Clearly, should there be a unique /aia2,/3/3' ^ ^w^g/j' such that 

faia2,P O T^Wp = faicx2,l3l3' ' (/aia2,/3' ° '^W^,) 
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for all pairs {(3,(3'}, where ttw^^ '-Wppj — > Wp is the projection, then {faia^-.PP'} would 
satisfy the desired cocycle condition and then define a Q-linc bundle, and {/qiQ2,/3} 
would define us a global section whose vanishing locus is the image of as desired. 

However, for our moduli space M.a,g,m may happen that some faia2,0 = 0- Thus 
the above direct argument needs to be modified. In the following, we will first thicken 
the W/3's so that the desired faia2,/3/3' are still well-defined. 

We fix a two-term complex £* of locally free sheaves such that its sheaf cohomol- 
ogy Sj*{£*) = '^*da,g,n- Such complcxcs were constructed in Section 4. Over each 
Wj3, T'^^g ,^ is represented by a tangent-obstruction complex of W/s, and £* is 
represented by a two-term complex of locally free sheaves of Ow^-modules, denoted 
£* = \£f),i £f3,2], such that Sj*{£*) = Ty/^. Let Ep be the vector bundle on Wfi such 
that Owp{Ef)) = £f3,i- By abuse of notation, we will also use Efj to denote the total 
space of Ef}. Because the way £' is constructed, there is a canonical homomorphism 
of locally free sheaves 

V(3 ■■ £l3,l > £xtc^^/^^{nc^^/Wp{Dwfi),Ocwp) , 

where Dyy^ is the divisor of n-marked sections of Cw,3 ■ By the deformation theory, if 
we let J C be the ideal sheaf of Wfs C Ef^, embedded via the zero section, and let 
F/3 c E/3 be the subscheme defined by the ideal J^, then there is a family of n-pointed 
curves Cp^ over F/3 such that the homomorphism (pj^ above is the Kodaira-Spencer map 
of the family Cpg along the normal bundle to W/3 in Ff-j. Here by the normal bundle 
to in Fi3 we mean the subbundle of TF^lw^ that is the kernel of TFp\w^ TWfj. 
Since the restriction of Cp^ to Wjs C Fjs is Cwf, and Cwf, is smooth over Wjs near its 
sections, we can extend the last k sections of Cw.3 to sections in Cp^ (over F/3) and 
place them in the same order as Cw^ has. We denote the resulting m-pointed curve by 
Cpg, which is a stable curve over F/3. Let 

be the morphism induced by the family Cpg . Then tt^ ^ is an extension of tt^ ^ : W/3 
Up. 

Now we go back to the partition K D K' = H, and the Ta^a2,i3 defined in (5.1). We 
let faia2,f3 be fK,f3 ° vf^ ^ G ^ ■ Then T = {faia2,f3 = 0} is exactly the subscheme 
of F/s such that the restriction of Cp^ to T belongs to the image of the clutching 
transformation 

^„ . '^^ X '^^ >■ '^^ 

"K ■ Vai,gi,mi+1 ^ "OL2,g2,m2+l "a.,g,n- 

Wc fix such a Ci?^, and then vf^ ^ and faia2,f3 each f3 € A once and for all. Recall 
that TTwp '■ W/3/3' —>■ Wfj is the projection. Since there is a canonical isomorphism 

{TTWf,yE/3 = {Trwg,yE/3', 
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FjS XWfj Wfjf3' is canonically isomorphic to F/^r Xw^, Wpfji. We denote this scheme by 
We let -Kpfi '-Fisp' be the projection. 

Lemma 5.5. There are (j) & ^-F^^/ such that 

faia2,l3 ° T^Ff, = ^ " (/aia2,/3' ° T^F^/)- 

Further, if we let l-.W/^^' —>■ Fp^/ be the inclusion, then (f) o t is unique and is nowhere 
vanishing. We denote 0oi by faia2,/S(S' ■ {/aiaa,/?/?'} defines a Q-line bundle on M-^^g^n 
o-nd {/cKiaa,/?} defines a section of this line bundle. 

Proof. The existence of (j) follows from the fact that the subscheme {fa^a2,l3 °''^Fp = 0} 
is identical to the subscheme {faia^.P' °''^Fp, = 0}. This is true because both define the 
subschemes over which the two families of curves, which are isomorphic after discarding 
the last k sections, can be decomposed along the same nodal sections (See [DM, p83]). 
To show that cf) o l is unique, it suffices to show that at each w G W/3/3' there is a 
tangent vector v € T^Fpfji contained in the kernel of T^Fj^fji — >■ T^W^p' such that 
<^(/aia2,/3)(f^) 7^ 0- Here Ty^Ff^i}! — > TyjW^p' is induced by the vector bundle projection 
E0 — > Wp. This is true because 

£0,1 (^k{w)^ Ext}. Jnc^{D^),OcJ^£xtl{nr,Or) 

is surjective. Here Cyj is the fiber of Cuf, over w, Dyj C Cyj is the divisor of n-marked 
points, r G is the nodal point where the clutching Ta^a^ is taking place and f 
is the formal completion of along r. Because faia2,i3i3' unique, the collection 
{/aia2,/3/3'} Satisfies the cocycle condition on triple overlaps. Therefore it defines a Q- 
line bundle on M^.g^n- denoted by La^a2- For the same reason, {faia2,p} form a global 
section, denoted by faia2j of La^a^ such that the image scheme Im(rQ,jQ,2) C M^g^ 
is defined over each Wf^ by {faia2,i3 = 0}- This proves the lemma. □ 

Now, we let tt" : Ma,g,n ~^ ■^g,n be the stable contraction morphism. Locally, tt" 
is represented by maps 

Let 

'^n.pp' • ^/9/3' — ^ ^5/3' be the lifting of the pair (tt"^^, vr"^^, ), which exists and is 
unique. Let fa,(3 G Ow^ be o yr" ^ and let fa,f3f3' = fn,f3f3' o K,i3i3' ^ ^w^^,, ■ Then 
{/a,/3/3'} defines a Q-line bundle, denoted by L^, which is isomorphic to the pull back 
(7r")*L„. For the same reason, {/«,/?} is a section of L^, which is the pull back of 
fn of L„. 
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Lemma 5.6. There is a canonical isomorphism of Q-line bundles (B)La^a2 — such 
that under this isomorphism, we have Ufa^a^ = fa, where the product is over all 
possible «! + a2 = a. 

Proof. First note that given any 0:1+0:2 = o and w G p'^^ {lm{Ta^oi2)) ^ there is a unique 
partition K I] K' = such that the decomposition of along partition i^" U i^' is 
the inverse to the clutching transformation fa^a^- We denote this correspondence by 
0102 I— >^ i^r^(aia2). By making each Wjj small enough, we can assume that the follow- 
ing two conditions hold automatically for all /3 G A. First, for w,w' G p^^(Im(rcj^a2)) 
we have Kyj{a.ia2) = Kyji{Q.ia2)\ Second, the map 

( , . I oi + 02 = « and ~i f , I Cij„ L is decomposable along ~i 

|(«i,«2)|p-i(I^(^^^^^))_,0j^|(i^,i^)| c S for some G C7^ / 

is injective and onto. The first is possible because is a closed embedding. We 

define Kj3{aia2) = i^^„,(oiQ!2) for some w G p^^(Im(T„jcK2))- Hence for each /3, 

(5.2) n fK,0 = fn,P°<fS- 

Here if KUK' is not in the image of the above correspondence, then /x,/3 = 1. To show 
that <8)I'aia2 = ^aj wc need to check Tifa-^a2,i3i3' = fa,i3i3'i which amounts to prove the 
identity 



on Wfjfji. This is obvious from the previous identity if all quotients are well-defined 
and unique. To prove (5.3), we first embed Fj^pi D into a smooth affine scheme, 

say Fjipi C R. Without loss of generality, we can assume Wfi, Up and are affine. 

Let (p:R ^ U/s be a morphism extending the morphism 

^13 ■ F,30, ^ Fp Ui3 . 

We claim that there is a morphism (j)' : R —>■ UfS' extending i/j^/ -FjSi^i —>■ UfS' such that 
(5.4) o tt;^^ o <^ = pfs, o 1,^1^, o ^ , 

where P/3 : ^ ■Mg,n is the obvious morphism. Indeed, the morphism cp : R —>■ Uf) 
provides us a family of m-pointed stable curves over R via pull back. Let it be Xr 
with the sections {sj}. Let ippCu^, be the pull back of Cu^, via i/j^/ '-Ffjfj' — > C/g/. Then 
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after restricting Pdj^ to and discarding its last k sections, the resulting family is 
isomorphic to ^/^^,C[/^, as n-pointed curve. We choose k sections Sn+i, ■ ■ ■ Sm of Xji 
extending the last k sections of ip'^,Cf}', which is possible because is smooth over R 
along sections of iIj^iC^'. We denote with these new sections (■ • • , Sn, Sn+i, • • • ) by 
Xji. Then induces a morphism (f)' :R ^ U/3> that has the desired property. 

Now we show that ^faia2,i3i3' = fa,/30'- Because of (5.4) above and because 0' is 
induced by the family of curves, we have a unique lifting ^ : i? — > Vj3j3> . Then because 

R is smooth and because none of fK,.i{aia2),l3 

o (j) and fK^,{aia2),(3' ° ^' are zero, there 

is a unique rational hon^a2,/3/3' such that 

Clearly, haia2,i3i3' is regular and non- vanishing near Fg^' C R. It follows that 

(5-5) Y[ Uk0{oc^oc2),I3°4>) = { n ^«ia2,/3/3')( H UK^,{a^oc2),p' ° <t>')) ■ 

a.1-\-a.2=Oi OL\-\-(X2=Oi Oi\_-\-(X2=0. 

Now let Tppi :W(3(i' ^ -R be the inclusion. Of course, ha^ct2,l3l3' ^^pp' = faia2,i3i3'- Thus 
to show that 'SiLctia2 = {T^nT^n, it suffices to show that 

(n ^ai a2 ) O"^/?/?' = /n,/3/3' ° K,f3l3' ^ 

where T^n,^^' '-^PP' ^ ^/3/3' is the projection. Indeed, because IIkcs/a:,/? = fn,/3 oT^n^p, 

9/3 ■■= fn,/3 O T^n,/3 H f Ki3{oc^<X2),l3 ° 4> 

oi\-\-a.2=Oi 

Therefore (5.5) holds with W%a^a2,i3i3' replaced by gf^/gp'- Since all terms in (5.5) are 
non-trivial and since R is smooth, g/s/g^s' is regular near and its composite with 

Tjsp' is identical to the composite of Iihaj^a2,/3/3' with Finally, because this term 

is also the pull back via (f):R—> Vg^/ of fn^^ o vry^ / /n,/?' ° vry^, , where vry^ : Vg/j' — >■ 
is the projection, its composite with is the pull back of fn,pp'- This proves that 
'^faia2,f3f3' = fa,f3/3' and Consequently 0Lq,jq,2 = (7r")*L„. It remains to show that 
n/aia2,/3 = /a,/3- This is truc because IIxcs/k,/? = fn,p o T^n^p- This completes the 
proof of Lemma 5.5. □ 

As was explained before, to complete the proof of the first composition law, we 
remain to investigate the tangent-obstruction complex of Za^a2- We first introduce 
the functor 5aia2 so that its coarse moduli scheme is ^aia2- For any scheme S, we let 
i?aia2 {^) be the subset of da,g,n{S) consisting of families f:X^X such that there are 
distinguished sections of nodal points d:S ^ X such that / are decomposable to pairs 
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of families in dai,g^,m+iiS) x da2,g2n2+i(.^) ^l°^g nodal sections d. Clearly, daia2 
is coarsely represented by a scheme Va^a2 which is canonically isomorphic to the Z^^^^ 
defined before. By forgetting the distinguished sections, the resulting transformation 
■Ba\a2 ~^ '^a,g,n defines a morphism ^-.Za^^a^ — *• M-^g ^- ^ is a closed immersion since 
ni,n2 > and induces an isomorphism Za^a2 — Wa^a2- I^i the following, we will not 
distinguish Z^^q.^ from Wa^a^ unless otherwise is mentioned. 

We now give the tangent-obstruction complex of ^aia2- Let S be any affine scheme 
and let ^ € 5aia2('S') be represented by / : A" — > X with the marked divisor D d X 
and the distinguished nodal section d:S^X. Let B*{Q be the complex [f*Q.x 
f2^^^(D)] indexed at —1 and 0, where fi^/g is the quotient sheaf of ^x/s by its 
torsion supported at the distinguished nodal section and f*^x induced by 

f*^x ^x/s- Because the first order deformations of nodal curves with distinguished 
nodal sections are Ext;^(r2^^g, O;!^), from the description of the tangent-obstruction 
complex T*^^ we see immediately that 



where tts '■ X ^ S is the projection, and that there is an obstruction theory to defor- 
mations of ^aia2 taking values in 

Now let T be the formal completion of X along d{S). It follows that we have the long 
exact sequence 

g,n\ 



Note that £"xt^^^(f)^/5, vr^J^) ^ J^. It follows from [DM] that £xt}^^^{VLf^g,Of) 
is isomorphic to the pull back of the Q-invertible sheaf Oj^x ^(i^aia2) the ho- 
momorphism h is induced by the differential of the defining equation faia2- Now let 
S ^ Yo ^ Y he the triple described in Definition 1.2 and let is a family in ^aia2 O^o) 
extending ^. Let o (resp. o) be the obstruction class to extending to daia20^) (resp. 
to da,g,nO^))- ^ Straightforward analysis of the definitions of o and 5 shows that 
o = c(o). Next, assume that o = 0. Namely extends to a family f : X ^ X over 
Y. Let h e Ext^(rJj,^g, vr^Xy^cy) be the section associated to the family X ^ Y. 
Then it is direct to check that o is the image of h under b (See [DM]). This proves that 
the obstruction theory of 5aia2 ^-^d da,g,n compatible with respect to the defining 
equation faia2 = 0- Finally, following the construction of the complex £* in the begin- 
ning of the Section 4, we can find complexes £* and !F* such that t)*{S*) = T*^ctia2 
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and I)*(JF*) = T*^^ ^ „ that satisfy the technical condition of Proposition 4.9. There- 
fore, by the argument at the end of the proof of Theorem 4.2, we can apply Proposition 
4.9 to conclude 

(5.4) ci([L 

10:2] 

In the following discussions, we will abbreviate „ „ ^1 to iJo.. It remains to 
show that T*^aia2 is compatible to the tangent-obstruction complex of T*(5^„i x 5^02) 
with respect to the fiber product 

Mor{S,X) Mor{S,X x X). 

Here, given ^ G ^aia2{'S) represented by the map / and the distinguished section d, the 
first vertical arrow will send it to f o d: S X . Similarly, for (^1 , ^2) ^ dai x (S) 
represented by the pair of maps fi and /2, the second arrow will send it to (e„^+i, ei) : 
S ^ X X X, where e„j+i is the (ni -|- l)-th evaluation map of /i and ei is the first 
evaluation map of /2. Let ^ G 5'aia2('^) be as before. By decomposing / along its 
distinguished section d, we obtain a pair of family {fi : C ^ X} = G (S) 
for i = 1,2. We let 

KiO = [f*nx{-di{S)) ^ n;^,/s{Di - di{S))], 

where di is the last marked section of Di c Xi and ^2 is the first marked section of 
D2 C A2. Let ii-.Xi ^ X he the immersion. Then we have the exact sequence 

ii,nm © ^2.nm B'io ^ [fnx o^is) ^ o] ^ o 

and its induced long exact sequence 

(5.6) -^extl,/sir^x Oais)Xs:F)-^Sxtljs{B'{i)Xs:F) ^ 

It is direct to check that there are canonical isomorphisms 

Sxt^^^sia^n-iOXsn = Sxt^^/siift^x ^ n;^MDi)Us^) 

and 
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Therefore, (5.6) is the long exact sequence of cohomologies mentioned in Definition 3.8. 
Now we show that the tangent-obstruction complexes of ^aia2 of 'Sai x ^.re 
compatible with respect to the defining diagram (5.5). Let ^ G daia2{S) be as before 
and let G dai{S) be represented by the family /j. We first show that the canonical 
homomorphism 



T\da, X 5aJ(6,6)(-^) {e^,+ue,rOiTx^x) 



is the homomorphism hi in the exact sequence (5.6). Let S be affine, let J- G 9JloJ)s 
and let vi G '?'^5^ai (^i)(-^) be represented by a flat extension /i of /i. Let 







B 







be the associated diagram. We first set B' be the sheaf defined by the push-forward 
diagram 

'K*sH-di{S)) > B{-di{S)) 



B' . 



Then finx{-di{S)) ^ B' lifts to ft^x ^ B' . Let Bl{ii) = [fl^x ^ ^x,/s{D)] and 
let p(^i) be the homomorphism 



that sends vi to the composite 



coker{B(-di(5)) ^ B'} = T . 



One checks directly that p(^i) assigns the fiat extension /i to the tangent direction of 
/ o e„^+i, where e„i+i is the (ni -I- l)-th marked section of /. Similarly, we let ^(^2) be 

p{^2) : ri5a.(6)(^) = ^^ik/5(^2(6),^s^) ein), ®Os ^ 

that is defined with /i, etc. replaced by /2, etc. respectively. Then p{ii) — ^(^2) is the 
homomorphism hi in the exact sequence (5.7). Therefore, the induced homomorphism 
(e„^+i,ei) on the tangent spaces 



^'(S-a, x5^,J(ei,6)(^) (e„,+i,ei)*f2^^^ 
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coincides with {p{^i) , p{^2)) , and consequently, its composite with 



(e„i+i, ei)*f^xxx ^Os ^ — > (eni+i, ei)*A/A(x)/xxx ®Os ^ 

is ^(Ci) ~ 9(^2)) after identifying the normal bundle iVA(x)/XxX with Tx- Similarly, 
it is direct to check that the obstruction classes to extending a given family to families 
in i?aia2 to families in S^q,^ x S^q.^ are compatible in the sense of Definition 3.8. 
Finally, similar to the case studied before, we can construct complexes of locally free 
sheaves whose sheaf cohomologies are the tangent-obstruction complexes of X 5^q,2 
required by Proposition 3.9. Therefore, by applying Proposition 3.9, we have 

(5.7) A' ([A^^„,„„,+i X = \Zo...r' . 

Finally, we choose a sufficiently large I such that i^f and L®' are conventional line 
bundles. Then 

By (5.4), the terms in the last summation are I ■ [Zq.jq,^]"''. Combined with (5.7), we 
obtain 

Oii-\-a2=Oi i=l 

This proves the first composition law. 

In the end, we will indicate the necessary change needed to prove the second com- 
position law. Let Zi and Z2 be the Q-schemes and $ be the morphism defined in the 
statement of the theorem. For convenience, we will consider Z1/Z2 and Z2/Z2, where 
Z2 acts on Zi and Z2 by interchanging the last two marked points of the curves in 
■^a,g-i,n+2 ^nd Mg-i^ri+2- Let Z^ = Zj/Z2. Clearly, $ factor through ^' : Z[. 
\E' is a local embedding in the sense that it is finite and unramified. Let (L^, fn) be the 
Q-line bundle and its section on Mg^n such that fn = defines the image Q-scheme 
M-g-i^n+2 ■^g,n- We pick a w ^ Z2 and let {zi,--- ,Zk} = "^~^{w). Now let 
W ■^a,g,n ^6 a chart of M.-^^g^^ containing w with the tautological family ^. We let 
Ui Z[ be the charts of Z[ containing Zi with the tautological family rji. Recall that 
each family rji has a distinguished section of nodal points. Without loss of generality, 
we can assume that there arc morphisms (pi :Ui W such that 95* (^) = rji. Now by 
using the technique of adding extra sections, we can find an etale covering W W, 
k sections 51, • • • ,gk € and etale covering Ui — > Ui of which the following holds. 
Firstly, after fixing a trivialization of L„ over a chart V of A^g,„, the product H'^Qi is 
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the pull back of /„ under the obvious map W" — > V; Secondly, there are morphisms 
'Pi'Vi ^ W making the following diagram 

u, w 

commutative such that (pi are embeddings and the image schemes (pi{Ui) = {gi = 0}. 
Using the distinguished section of nodal points in the family r/j, one can construct 
a Q-invertible sheaf £ on Z[ such that over the chart C/j, it is the locally free sheaf 
defined similar to the far right term in (5.2). For convenience, let us assume that 
[■M.a,g,nY^^ is a cyclc R supported on an equidimensional scheme with multiplicity. 
Now let Yi = {^j = 0} C W" and let i?^ be the pull back of R under W -^J,g,n- 
Consider the normal cone cycle 

Using the isomorphism (pi-.Ui ^ Y^, one can pull back the cycles [Cji^x^Yi/R^] and 
patch them together to form a global cycle in the total space of 

Vectz' (£) Xux R. 

We denote this cycle by D and by C the zero section of Vectz|(£) „ Then 

by studying the tangent-obstruction complex of Z[ induced by the defining equation 
gi = and that of Z[ induced by the defining square of Zi in the statement of the 
theorem, on concludes that 

where l: Z2 ^ Z2 is the projection. However, it is clear that 

t.irg-i,n+2)-[M^,g,nr = 2ci ( [(r«)* (L„) , (T«)*(/„)])(i?). 
Therefore, the second composition law will follow from 

ci([«)*(LO,«)*(/„)])(i?) = ^.(C[D]). 

But this can can be checked directly. This proves the second composition law. 
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